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Motivation

To capture the true dynamics of eccentric spinning systems, we need waveform models that have
effects due to spin and eccentricity included in it. Here, we present ESIGMAHM [1], an inspiral-merger-
ringdown (IMR) eccentric aligned-spin waveform model with higher gravitational wave (GW) har-
monics.

Figure 1. A typical GW strain can be divided into three
distinct phases: inspiral, merger, and ringdown. [Ref.
GW150914 discovery paper]

Figure 2. Different physical effects depicted in GW strain.
Here, SEOBNRv4HM and EccentricTD waveforms are used.

Waveformmodel construction

Inspiral evolution
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Quantities Effects PN Order

ẋ, ė, l̇, „̇

Eccentric nonspinning 3
Eccentric spinning 3

Quasicircular nonspinning 4.5
Quasicircular spinning 4

h¸m

Generic nonspinning instantaneous 3.5
Generic spinning instantaneous 3.5
Quasicircular nonspinning 3.5
Quasicircular spinning 3.5

Table 1. Table summarizing all the terms added to the
Inspiral part of the ESIGMAHM up to available PN orders in
the literature [2, 3].

Merger-Ringdown
ESIGMAHM assumes post-inspiral circularization.
We, therefore, transition from the eccentric inspiral to a quasi-circular spinning model NRSur7dq4
for merger and ringdown (Fig. 3).

Results

Validation of model in the quasi-circular limit To demonstrate how well ESIGMAHM performs in qua-
sicircular case, we compare the inspiral-only version of ESIGMAHM (we call it InspiralESIGMA) with
existing aligned-spin EOB and PHENOMwaveform models, SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS.
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Figure 3. Time evolution of orbital angular velocity for
systems with nonzero and zero eccentricities. The dashed
black horizontal line denotes the corresponding ISCO
frequency beyond which both eccentric and quasicircular
evolutions are the same. We used
SXS:BBH:0321, SXS:BBH:0322, SXS:BBH:0323 and
SXS:BBH:0315 as eccentric and quasicircular systems.

Figure 4. Match between inspiral part of ESIGMAHM with
SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS for total mass
20M§ and dimensionless spins fixed at (0.5, 0.5).

Figure 5. Comparison of InspiralESIGMA and SEOBNRv4 for different mass-ratio and spins (indicated in the title) having
fixed total mass 50 M§.

Results

Importance of higher order modes To estimate the importance of higher order modes (HM), we com-
pute the optimal SNR change (�SNR) between InspiralESIGMA with all the modes up to ¸ = 8 and
InspiralESIGMA with only (2, 2) mode.

Figure 6. Change in optimal SNR for aLIGO (left), ET (middle), and CE (right) for InspiralESIGMA with and without HMs
for binaries with total mass 60 M§ and dimensionless spins (0.6,0.6) with flow = 10Hz.

Validation of model with eccentric numerical relativity simulations To quantify how accurately
ESIGMAHM reproduces the true dynamics of a spinning eccentric system, we compare IMRESIGMAHM
with 10 aligned-spin eccentric simulations from SXS catalog.

Figure 7. Comparison of plus polarization (h+) of IMRESIGMAHM with NR simulations from SXS catalog for a system of total
mass 40 M§.

Figure 8. Mismatch between IMRESIGMAHM and spinning eccentric NR simulations for (2, 2) mode only (left) and all the
modes including (2, 1), (3, 3), (3, 2), (4, 4), (4, 3) in addition to (2, 2) mode (right).

Sl. no. SXS ID q e0 ‰1 ‰2 length Number of orbits Match
1 SXS:BBH:0083 1.000 2.534 ◊ 10

≠2 0.4995 1.130 ◊ 10
≠7 11545.015M 32.399 99.24

2 SXS:BBH:0089 1.000 6.006 ◊ 10
≠2 -0.4995 1.377 ◊ 10

≠7 11748.322M 31.061 96.98
3 SXS:BBH:0246 2.000 6.600 ◊ 10

≠2
1.893 ◊ 10

≠7 0.2999 6220.169M 22.934 96.92
4 SXS:BBH:0309 1.221 2.932 ◊ 10

≠2 0.3302 -0.4398 3416.222M 15.745 98.49
5 SXS:BBH:0320 1.220 2.276 ◊ 10

≠2 0.3300 -0.4399 2601.552M 13.493 99.21
6 SXS:BBH:0321 1.220 6.112 ◊ 10

≠2 0.3299 -0.4399 3461.944M 14.978 98.92
7 SXS:BBH:0322 1.220 0.1071 0.3301 -0.4399 3145.031M 14.974 99.27
8 SXS:BBH:0323 1.220 0.1936 0.3300 -0.4400 3370.858M 14.628 98.83
9 SXS:BBH:1136 1.000 0.1243 -0.7498 -0.7498 2141.654M 9.505 98.39
10 SXS:BBH:1149 3.000 4.619 ◊ 10

≠2 0.7002 0.5999 4630.187M 24.097 97.59

Table 2. Details of the SXS IDs used for match computation with IMRESIGMAHM. The match computations are performed
by fixing the total mass (M) to 40M§ and flow at 10Hz for all cases.

Conclusions

We present a full IMR eccentric aligned-spin time domain waveform model with higher modes
named ESIGMAHM.
The inspiral segment of ESIGMAHM (named InspiralESIGMA) is updated with the spinning
eccentric corrections that are available in the literature to date.
We used NRSur7dq4 - a quasi-circular spinning model as our stand-alone merger-ringdown
(MR) model.
We compare IMRESIGMAHM with publicly available aligned-spin eccentric NR simulations from
SXS catalog and found good agreement up to mass ratio 3 with positive aligned-spin systems.
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To capture the true dynamics of eccentric spinning systems, we need waveform models that have
effects due to spin and eccentricity included in it. Here, we present ESIGMAHM [1], an inspiral-merger-
ringdown (IMR) eccentric aligned-spin waveform model with higher gravitational wave (GW) har-
monics.

Figure 1. A typical GW strain can be divided into three
distinct phases: inspiral, merger, and ringdown. [Ref.
GW150914 discovery paper]

Figure 2. Different physical effects depicted in GW strain.
Here, SEOBNRv4HM and EccentricTD waveforms are used.
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Quantities Effects PN Order
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Table 1. Table summarizing all the terms added to the
Inspiral part of the ESIGMAHM up to available PN orders in
the literature [2, 3].

Merger-Ringdown
ESIGMAHM assumes post-inspiral circularization.
We, therefore, transition from the eccentric inspiral to a quasi-circular spinning model NRSur7dq4
for merger and ringdown (Fig. 3).

Results

Validation of model in the quasi-circular limit To demonstrate how well ESIGMAHM performs in qua-
sicircular case, we compare the inspiral-only version of ESIGMAHM (we call it InspiralESIGMA) with
existing aligned-spin EOB and PHENOMwaveform models, SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS.
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Figure 3. Time evolution of orbital angular velocity for
systems with nonzero and zero eccentricities. The dashed
black horizontal line denotes the corresponding ISCO
frequency beyond which both eccentric and quasicircular
evolutions are the same. We used
SXS:BBH:0321, SXS:BBH:0322, SXS:BBH:0323 and
SXS:BBH:0315 as eccentric and quasicircular systems.

Figure 4. Match between inspiral part of ESIGMAHM with
SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS for total mass
20M§ and dimensionless spins fixed at (0.5, 0.5).

Figure 5. Comparison of InspiralESIGMA and SEOBNRv4 for different mass-ratio and spins (indicated in the title) having
fixed total mass 50 M§.

Results

Importance of higher order modes To estimate the importance of higher order modes (HM), we com-
pute the optimal SNR change (�SNR) between InspiralESIGMA with all the modes up to ¸ = 8 and
InspiralESIGMA with only (2, 2) mode.

Figure 6. Change in optimal SNR for aLIGO (left), ET (middle), and CE (right) for InspiralESIGMA with and without HMs
for binaries with total mass 60 M§ and dimensionless spins (0.6,0.6) with flow = 10Hz.

Validation of model with eccentric numerical relativity simulations To quantify how accurately
ESIGMAHM reproduces the true dynamics of a spinning eccentric system, we compare IMRESIGMAHM
with 10 aligned-spin eccentric simulations from SXS catalog.

Figure 7. Comparison of plus polarization (h+) of IMRESIGMAHM with NR simulations from SXS catalog for a system of total
mass 40 M§.

Figure 8. Mismatch between IMRESIGMAHM and spinning eccentric NR simulations for (2, 2) mode only (left) and all the
modes including (2, 1), (3, 3), (3, 2), (4, 4), (4, 3) in addition to (2, 2) mode (right).

Sl. no. SXS ID q e0 ‰1 ‰2 length Number of orbits Match
1 SXS:BBH:0083 1.000 2.534 ◊ 10

≠2 0.4995 1.130 ◊ 10
≠7 11545.015M 32.399 99.24

2 SXS:BBH:0089 1.000 6.006 ◊ 10
≠2 -0.4995 1.377 ◊ 10

≠7 11748.322M 31.061 96.98
3 SXS:BBH:0246 2.000 6.600 ◊ 10

≠2
1.893 ◊ 10

≠7 0.2999 6220.169M 22.934 96.92
4 SXS:BBH:0309 1.221 2.932 ◊ 10

≠2 0.3302 -0.4398 3416.222M 15.745 98.49
5 SXS:BBH:0320 1.220 2.276 ◊ 10

≠2 0.3300 -0.4399 2601.552M 13.493 99.21
6 SXS:BBH:0321 1.220 6.112 ◊ 10

≠2 0.3299 -0.4399 3461.944M 14.978 98.92
7 SXS:BBH:0322 1.220 0.1071 0.3301 -0.4399 3145.031M 14.974 99.27
8 SXS:BBH:0323 1.220 0.1936 0.3300 -0.4400 3370.858M 14.628 98.83
9 SXS:BBH:1136 1.000 0.1243 -0.7498 -0.7498 2141.654M 9.505 98.39
10 SXS:BBH:1149 3.000 4.619 ◊ 10

≠2 0.7002 0.5999 4630.187M 24.097 97.59

Table 2. Details of the SXS IDs used for match computation with IMRESIGMAHM. The match computations are performed
by fixing the total mass (M) to 40M§ and flow at 10Hz for all cases.

Conclusions

We present a full IMR eccentric aligned-spin time domain waveform model with higher modes
named ESIGMAHM.
The inspiral segment of ESIGMAHM (named InspiralESIGMA) is updated with the spinning
eccentric corrections that are available in the literature to date.
We used NRSur7dq4 - a quasi-circular spinning model as our stand-alone merger-ringdown
(MR) model.
We compare IMRESIGMAHM with publicly available aligned-spin eccentric NR simulations from
SXS catalog and found good agreement up to mass ratio 3 with positive aligned-spin systems.
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Fig. 7: Di↵erent analytical approximation schemes and numerical techniques
to study black hole binaries, depending on the mass ratio q = m1/m2 and the
post-Newtonian parameter ✏

2 ⇠ v
2
/c

2 ⇠ Gm/(c2r12). Post-Newtonian theory
and perturbative self-force analysis can be compared in the post-Newtonian
regime (✏ ⌧ 1 thus r12 � Gm/c

2) of an extreme mass ratio (m1 ⌧ m2)
binary. Image courtesy A. Le Tiec.

redshift observable (427), and which has to be regularized at the location
of the particle by means of dimensional regularization (see Sects. 3.1.2 and
3.1.3). Up to 2.5PN order the Hadamard regularization is su�cient and the
regularized metric has been provided in Eqs. (393). However at 3PN order
dimensional regularization plays a crucial role as there are poles / 1/" which
develop in the near zone metric. As shown by Blanchet et al. (2010b) the
poles are cancelled in fine when the redshift observable is expressed in terms
of the gauge invariant post-Newtonian parameter (375). At the next 4PN order
we do not know the near zone metric and thus a direct computation of the
redshift using Eq. (427) is not possible. Nevertheless we can infer indirectly the
4PN coe�cient in the redshift from the known 4PN coe�cient in the energy
function for circular orbits (377) by using the first law (431). Indeed, as found
by Le Tiec et al. (2012b,a) the first law is fully satisfied if and only if there is
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r12 ≫ M
r12 ≫ RA
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redshift observable (427), and which has to be regularized at the location
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r12 ≫ GM/c2 &
GM
c2r12

∼
υ2

c2
≪ 1

Example : SCH metric  

ds2 = − (1 −
2GM
c2r ) c2dt2 + (1 −

2GM
c2r )

−1

dr2 + dΣ2

≃ − (1 −
υ2

esc

c2 ) c2dt2 + (1 +
υ2

esc

c2 ) dr2 + dΣ2
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Example : Precession of Mercury’s orbit — Weakly bound, 
circular orbit  

Δϕ ∼ 2π (1 +
3GM
c2r ) ∼ 2π (1 +

3υ2

c2 ) [change per orbit]

υ = rω ⟹ υ2/c2 = ( GMω
c3 )

2/3

∼ 10−8 [Mercury′￼s orbit]

Clearly a small correction to the leading effect 
justifying the approximation used.
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Post-Newtonian corrections, simply put, are Taylor 
expansions in “small” parameters such as v2/c2 and 
thus are valid for “weak-fields” and “small-velocities”. 

Corrections of the order, (v/c)2n, are referred to as 
being n-PN accurate. 

GM
c2r12

∼
υ2

c2
∼ 1PN , ( GM

c2r12 )
2

∼
υ4

c4
∼ 2PN etc .
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Higher order corrections help tackle “mildly” relativistic 
fields but as can be expected the approximation 
would break somewhere.  

Also, results computed at the highest order need not 
have the highest accuracy. 

PN series expansions converge slowly and become 
challenging at high orders and thus not ideal to deal 
with “large” mass ratios (m2>>m1).
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Nevertheless, are useful for accurate modelling of 
“low-mass” compact binaries composed of neutron 
stars and/or black holes. 

Help validating other perturbative approaches such as 
self-force approach.  

Used as inputs for development of complete inspiral-
merger-ringdown models such as Effective-One-Body 
(EOB) and Phenomenological Models (Phenom). 

And in performing (parametrized) Tests of General 
Relativity.
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The PN-MPM approach
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PN-MPM approach — A soup of 
approximations

Near Zone 

“weak-fields” and “slow motion”— final orbits can 
be at half the speed of light — Post-Newtonian 
sources. 

  

Binary components are treated as Point-Particles 

 

GM
c2r12

∼ 𝒪 ( υ2

c2 )

RA ≪ λ
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PN-MPM approach — A soup of 
approximations

Far-Zone/Exterior field 

Far-zone expansion 

  

Multipole expansion 

  

Post-Minkowskian expansion   

h ∼ 𝒪 ( 1
R )

Iℓ ∼ 𝒪(rℓ
12)

h ∼ 𝒪(Gn)
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PN-MPM Solution
Validity of the post-Newtonian regime

Small velocities: max v π c

Size of matter source D π ⁄

source

exterior zone
M(hµ‹)

near zone
h

µ‹

bu�er zone

⁄ r

h
µ‹

[Image Credit: G. Faye]
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The PN-MPM approach — the formalism  

Quadrupole formula — brief review  

General structure of radiated fields and fluxes 

Connecting Radiative and source multipole moments 
— the PN-MPM solution
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The PN-MPM approach 
— the formalism

[Blanchet Living Review]
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the source to the detector. Such multipole interactions include the famous tail
e↵ect, corresponding to the coupling between the non-static moments with the
mass of the source, and the non-linear memory e↵ect (Blanchet and Damour
1988, 1992). Furthermore Blanchet (1987) proved that this construction, when
considered in a neighbourhood of future null infinity, recovers the findings of
the Bondi et al. (1962); Sachs (1962) approach to gravitational radiation.

A di↵erent wave-generation formalism has been devised by Will and Wise-
man (1996) (see also Will 1999; Pati and Will 2000, 2002). This formalism,
called “Direct Integration of the Relaxed Equations – DIRE”, has exactly
the same scope as the MPM-PN method, i.e., it applies to any isolated post-
Newtonian sources, in principle up to any PN order. However it di↵ers in
the definition of the source multipole moments, that are some well-defined
(compact-support) versions of the Epstein and Wagoner (1975); Thorne (1980)
moments rather than the Blanchet and Damour (1989) moments, and in the
calculation of tails and related non-linear e↵ects. In both formalisms the source
multipole moments, which involve a whole series of relativistic PN corrections,
must be coupled together in a complicated way in the true non-linear solu-
tion; such non-linear couplings form an integral part of the radiative moments
at infinity and thereby of the observed signal. The equivalence, at the most
general level, between the MPM-PN framework and the DIRE formalism, has
been proved in Sect. 4.3 of Blanchet (2014).

1.1.2 The quadrupole moment formalism

The lowest-order wave generation formalism is the famous Einstein (1918)
quadrupole moment formalism. In his original paper Einstein derived it in the
case where the dynamics of the source is driven by non gravitational forces.
However a simple derivation of the quadrupole formalism due to Landau and
Lifshitz (1971) showed that it is actually also valid for self-gravitating sources,
whose dynamics is due to the gravitational force – for instance a Newtonian
binary star system.5

The quadrupole formalism applies to a general isolated matter source which
is post-Newtonian in the sense of existence of the small post-Newtonian pa-
rameter ✏ defined by Eq. (1). However, the quadrupole formalism is valid in
the Newtonian limit ✏ ! 0; it can rightly be qualified as “Newtonian” because
the quadrupole moment of the matter source is Newtonian and its evolution
obeys Newton’s laws of gravity. In this formalism the gravitational field h

TT
ij

(written here as a perturbation of the “gothic” spatial metric gij ⌘
p

�gg
ij)

is expressed in a transverse and traceless (TT) coordinate system covering the
far zone of the source at retarded times,6 as
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5 The fact that the Newtonian conservation laws forbid the emission of dipole gravitational
waves was pointed out by Abraham in 1914 (see Kennefick 2007).

6 The TT coordinate system can be extended to the near zone of the source as well; see,
e.g., Kopeikin et al. (1999).
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where R = |X| is the distance to the source, T � R/c is the retarded time,
N = X/R is the unit direction from the source to the far away observer, and
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is the TT projection operator, with ?ij ⌘ �ij � NiNj being the projector
onto the plane orthogonal to N . The source’s quadrupole moment takes the
familiar Newtonian form (see the footnote 23 for further notation)
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where ⇢ is the Newtonian (essentially baryonic) mass density, obeying the usual
continuity equation @t⇢ + @i(⇢v

i) = 0. The total gravitational power emitted
by the source in all directions around the source is given by the Einstein
quadrupole formula
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Our notation F stands for the total gravitational energy flux or gravitational
“luminosity” of the source. Similarly, the total angular momentum flux is
(Papapetrou 1971; Thorne 1980)
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where ✏abc denotes the standard Levi-Civita symbol with ✏123 = 1. We shall
give in Eqs. (35)–(36) the related fluxes of linear momentum and position of
the center of mass.

Associated with the latter energy and angular momentum fluxes, there is
also a quadrupole formula for the radiation reaction force, which reacts on
the source’s dynamics in consequence of the emission of waves. This force
will inflect the time evolution of the orbital phase of the binary pulsar and
is responsible for the inspiral of compact binaries. At the position (x, t) in a
particular coordinate system covering the source, the reaction force density
can be written as (Burke and Thorne 1970; Burke 1971; Misner et al. 1973)
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This is the gravitational analogue of the damping force of electromagnetism.
However, notice that gravitational radiation reaction is inherently coordinate
dependent, so the expression of the force depends on the coordinate system
which is used. Consider now the energy and angular momentum of an isolated
matter system made of some perfect fluid, say
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the source to the detector. Such multipole interactions include the famous tail
e↵ect, corresponding to the coupling between the non-static moments with the
mass of the source, and the non-linear memory e↵ect (Blanchet and Damour
1988, 1992). Furthermore Blanchet (1987) proved that this construction, when
considered in a neighbourhood of future null infinity, recovers the findings of
the Bondi et al. (1962); Sachs (1962) approach to gravitational radiation.

A di↵erent wave-generation formalism has been devised by Will and Wise-
man (1996) (see also Will 1999; Pati and Will 2000, 2002). This formalism,
called “Direct Integration of the Relaxed Equations – DIRE”, has exactly
the same scope as the MPM-PN method, i.e., it applies to any isolated post-
Newtonian sources, in principle up to any PN order. However it di↵ers in
the definition of the source multipole moments, that are some well-defined
(compact-support) versions of the Epstein and Wagoner (1975); Thorne (1980)
moments rather than the Blanchet and Damour (1989) moments, and in the
calculation of tails and related non-linear e↵ects. In both formalisms the source
multipole moments, which involve a whole series of relativistic PN corrections,
must be coupled together in a complicated way in the true non-linear solu-
tion; such non-linear couplings form an integral part of the radiative moments
at infinity and thereby of the observed signal. The equivalence, at the most
general level, between the MPM-PN framework and the DIRE formalism, has
been proved in Sect. 4.3 of Blanchet (2014).

1.1.2 The quadrupole moment formalism

The lowest-order wave generation formalism is the famous Einstein (1918)
quadrupole moment formalism. In his original paper Einstein derived it in the
case where the dynamics of the source is driven by non gravitational forces.
However a simple derivation of the quadrupole formalism due to Landau and
Lifshitz (1971) showed that it is actually also valid for self-gravitating sources,
whose dynamics is due to the gravitational force – for instance a Newtonian
binary star system.5

The quadrupole formalism applies to a general isolated matter source which
is post-Newtonian in the sense of existence of the small post-Newtonian pa-
rameter ✏ defined by Eq. (1). However, the quadrupole formalism is valid in
the Newtonian limit ✏ ! 0; it can rightly be qualified as “Newtonian” because
the quadrupole moment of the matter source is Newtonian and its evolution
obeys Newton’s laws of gravity. In this formalism the gravitational field h

TT
ij

(written here as a perturbation of the “gothic” spatial metric gij ⌘
p

�gg
ij)

is expressed in a transverse and traceless (TT) coordinate system covering the
far zone of the source at retarded times,6 as

h
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⇢
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dT 2
(T � R/c) + O
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5 The fact that the Newtonian conservation laws forbid the emission of dipole gravitational
waves was pointed out by Abraham in 1914 (see Kennefick 2007).

6 The TT coordinate system can be extended to the near zone of the source as well; see,
e.g., Kopeikin et al. (1999).

GW energy flux 

GW Radiation field 

Post-Newtonian theory for gravitational waves 11

where R = |X| is the distance to the source, T � R/c is the retarded time,
N = X/R is the unit direction from the source to the far away observer, and
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, (3)

is the TT projection operator, with ?ij ⌘ �ij � NiNj being the projector
onto the plane orthogonal to N . The source’s quadrupole moment takes the
familiar Newtonian form (see the footnote 23 for further notation)

Qij(t) =
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where ⇢ is the Newtonian (essentially baryonic) mass density, obeying the usual
continuity equation @t⇢ + @i(⇢v

i) = 0. The total gravitational power emitted
by the source in all directions around the source is given by the Einstein
quadrupole formula
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Our notation F stands for the total gravitational energy flux or gravitational
“luminosity” of the source. Similarly, the total angular momentum flux is
(Papapetrou 1971; Thorne 1980)
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where ✏abc denotes the standard Levi-Civita symbol with ✏123 = 1. We shall
give in Eqs. (35)–(36) the related fluxes of linear momentum and position of
the center of mass.

Associated with the latter energy and angular momentum fluxes, there is
also a quadrupole formula for the radiation reaction force, which reacts on
the source’s dynamics in consequence of the emission of waves. This force
will inflect the time evolution of the orbital phase of the binary pulsar and
is responsible for the inspiral of compact binaries. At the position (x, t) in a
particular coordinate system covering the source, the reaction force density
can be written as (Burke and Thorne 1970; Burke 1971; Misner et al. 1973)
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This is the gravitational analogue of the damping force of electromagnetism.
However, notice that gravitational radiation reaction is inherently coordinate
dependent, so the expression of the force depends on the coordinate system
which is used. Consider now the energy and angular momentum of an isolated
matter system made of some perfect fluid, say

E =
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d3x ⇢
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the source to the detector. Such multipole interactions include the famous tail
e↵ect, corresponding to the coupling between the non-static moments with the
mass of the source, and the non-linear memory e↵ect (Blanchet and Damour
1988, 1992). Furthermore Blanchet (1987) proved that this construction, when
considered in a neighbourhood of future null infinity, recovers the findings of
the Bondi et al. (1962); Sachs (1962) approach to gravitational radiation.

A di↵erent wave-generation formalism has been devised by Will and Wise-
man (1996) (see also Will 1999; Pati and Will 2000, 2002). This formalism,
called “Direct Integration of the Relaxed Equations – DIRE”, has exactly
the same scope as the MPM-PN method, i.e., it applies to any isolated post-
Newtonian sources, in principle up to any PN order. However it di↵ers in
the definition of the source multipole moments, that are some well-defined
(compact-support) versions of the Epstein and Wagoner (1975); Thorne (1980)
moments rather than the Blanchet and Damour (1989) moments, and in the
calculation of tails and related non-linear e↵ects. In both formalisms the source
multipole moments, which involve a whole series of relativistic PN corrections,
must be coupled together in a complicated way in the true non-linear solu-
tion; such non-linear couplings form an integral part of the radiative moments
at infinity and thereby of the observed signal. The equivalence, at the most
general level, between the MPM-PN framework and the DIRE formalism, has
been proved in Sect. 4.3 of Blanchet (2014).

1.1.2 The quadrupole moment formalism

The lowest-order wave generation formalism is the famous Einstein (1918)
quadrupole moment formalism. In his original paper Einstein derived it in the
case where the dynamics of the source is driven by non gravitational forces.
However a simple derivation of the quadrupole formalism due to Landau and
Lifshitz (1971) showed that it is actually also valid for self-gravitating sources,
whose dynamics is due to the gravitational force – for instance a Newtonian
binary star system.5

The quadrupole formalism applies to a general isolated matter source which
is post-Newtonian in the sense of existence of the small post-Newtonian pa-
rameter ✏ defined by Eq. (1). However, the quadrupole formalism is valid in
the Newtonian limit ✏ ! 0; it can rightly be qualified as “Newtonian” because
the quadrupole moment of the matter source is Newtonian and its evolution
obeys Newton’s laws of gravity. In this formalism the gravitational field h

TT
ij

(written here as a perturbation of the “gothic” spatial metric gij ⌘
p

�gg
ij)

is expressed in a transverse and traceless (TT) coordinate system covering the
far zone of the source at retarded times,6 as

h
TT
ij = � 2G

c4R
?ijab (N)

⇢
d2Qab

dT 2
(T � R/c) + O

✓
1

c

◆�
+ O

✓
1

R2

◆
, (2)

5 The fact that the Newtonian conservation laws forbid the emission of dipole gravitational
waves was pointed out by Abraham in 1914 (see Kennefick 2007).

6 The TT coordinate system can be extended to the near zone of the source as well; see,
e.g., Kopeikin et al. (1999).
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Note: 
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2.4 Asymptotic gravitational waveform

2.4.1 The radiative multipole moments

In Theorem 5 we constructed the metric in a radiative (or Bondi-type) coor-
dinate system (T,X), such that the retarded time U becomes asymptotically
a null coordinate at future null infinity (Papapetrou 1969; Madore 1970a,b).
The leading-order term 1/R (when R ! +1) yields the operational defini-
tion of two sets of STF radiative multipole moments, mass-type UL(U) and
current-type VL(U), where U ⌘ T � R/c. The radiative moments are defined
from the spatial components ij of the metric in a transverse-traceless (TT)
radiative coordinate system. By definition, we have (Thorne 1980)

h
TT
ij (U,X) = � 4G

c2R
?ijab (N)

+1X

`=2
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◆
. (178)

The metric is written here as a perturbation of the “gothic” metric
p

�gg
ij ; a

change of sign is required when considering a perturbation of the ordinary met-
ric gij . As before we denote for instance NL�2 = Ni1 · · · Ni`�2 and so on, where
Ni = (N)i and N = X/R, and the TT algebraic projection operator ?ijab is
given by Eq. (3). Obviously the multipole decomposition (178) represents the
generalization of the quadrupole moment formalism. Notice that the meaning
of Eq. (178) is for the moment rather empty, because we do not yet know how
to relate the radiative moments to the actual source parameters. Only at the

Newtonian level do we know this relation, which is Uij(U) = Q(2)
ij (U)+O(c�2),

where Qij is the Newtonian quadrupole moment (4). We shall relate below the
radiative moments to the source moments IL and JL obtained in Theorem 7.

Associated to the asymptotic waveform (178) we can compute by standard
methods the total energy flux F and angular momentum flux Gi in gravita-
tional waves (see Table 1),
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For instance the energy flux is readily obtained by plugging (178) into (109)
and integrating over angles. The above fluxes satisfy the time-averaged flux-
balance equations [already used in Eqs. (10)]

hdE
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dt
i = �hGii . (180)
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Leading GW energy flux 
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where R = |X| is the distance to the source, T � R/c is the retarded time,
N = X/R is the unit direction from the source to the far away observer, and
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i
, (3)

is the TT projection operator, with ?ij ⌘ �ij � NiNj being the projector
onto the plane orthogonal to N . The source’s quadrupole moment takes the
familiar Newtonian form (see the footnote 23 for further notation)

Qij(t) =
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where ⇢ is the Newtonian (essentially baryonic) mass density, obeying the usual
continuity equation @t⇢ + @i(⇢v

i) = 0. The total gravitational power emitted
by the source in all directions around the source is given by the Einstein
quadrupole formula
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Our notation F stands for the total gravitational energy flux or gravitational
“luminosity” of the source. Similarly, the total angular momentum flux is
(Papapetrou 1971; Thorne 1980)

Gi ⌘
✓

dJi
dT

◆GW

=
G

c5

⇢
2

5
✏iab

d2Qac

dT 2

d3Qbc

dT 3
+ O

✓
1

c2

◆�
, (6)

where ✏abc denotes the standard Levi-Civita symbol with ✏123 = 1. We shall
give in Eqs. (35)–(36) the related fluxes of linear momentum and position of
the center of mass.

Associated with the latter energy and angular momentum fluxes, there is
also a quadrupole formula for the radiation reaction force, which reacts on
the source’s dynamics in consequence of the emission of waves. This force
will inflect the time evolution of the orbital phase of the binary pulsar and
is responsible for the inspiral of compact binaries. At the position (x, t) in a
particular coordinate system covering the source, the reaction force density
can be written as (Burke and Thorne 1970; Burke 1971; Misner et al. 1973)
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This is the gravitational analogue of the damping force of electromagnetism.
However, notice that gravitational radiation reaction is inherently coordinate
dependent, so the expression of the force depends on the coordinate system
which is used. Consider now the energy and angular momentum of an isolated
matter system made of some perfect fluid, say
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2.4 Asymptotic gravitational waveform

2.4.1 The radiative multipole moments

In Theorem 5 we constructed the metric in a radiative (or Bondi-type) coor-
dinate system (T,X), such that the retarded time U becomes asymptotically
a null coordinate at future null infinity (Papapetrou 1969; Madore 1970a,b).
The leading-order term 1/R (when R ! +1) yields the operational defini-
tion of two sets of STF radiative multipole moments, mass-type UL(U) and
current-type VL(U), where U ⌘ T � R/c. The radiative moments are defined
from the spatial components ij of the metric in a transverse-traceless (TT)
radiative coordinate system. By definition, we have (Thorne 1980)
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The metric is written here as a perturbation of the “gothic” metric
p

�gg
ij ; a

change of sign is required when considering a perturbation of the ordinary met-
ric gij . As before we denote for instance NL�2 = Ni1 · · · Ni`�2 and so on, where
Ni = (N)i and N = X/R, and the TT algebraic projection operator ?ijab is
given by Eq. (3). Obviously the multipole decomposition (178) represents the
generalization of the quadrupole moment formalism. Notice that the meaning
of Eq. (178) is for the moment rather empty, because we do not yet know how
to relate the radiative moments to the actual source parameters. Only at the

Newtonian level do we know this relation, which is Uij(U) = Q(2)
ij (U)+O(c�2),

where Qij is the Newtonian quadrupole moment (4). We shall relate below the
radiative moments to the source moments IL and JL obtained in Theorem 7.

Associated to the asymptotic waveform (178) we can compute by standard
methods the total energy flux F and angular momentum flux Gi in gravita-
tional waves (see Table 1),
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For instance the energy flux is readily obtained by plugging (178) into (109)
and integrating over angles. The above fluxes satisfy the time-averaged flux-
balance equations [already used in Eqs. (10)]
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2.4.5 Radiative versus canonical moments

We first give the result for the radiative quadrupole moment Uij expressed
as a functional of the intermediate canonical moments ML, SL up to 4PN
order, plus a crucial hereditary contribution to 4.5PN order. Recalling that,
at leading order, the radiative moments reduce to the `-th time derivatives of
the canonical moments, we straightforwardly write

Uij = M(2)
ij (U) +
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with small PN corrections up to 4.5PN, as indicated. Here U ⌘ T �R/c is the
retarded time in harmonic coordinates. The leading correction at 1.5PN order
is the quadratic quadrupolar tail M ⇥ Mij (see Sect. 2.4.2) given by
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The length scale b0 is arbitrary and defined by Eq. (194). At the next 2.5PN
order arises the leading non-local memory contribution (see Sect. 2.4.4) due
to the interaction between two quadrupole moments Mij ⇥Mkl, together with
associated instantaneous terms (Blanchet 1998c):
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At the 3PN order appears the first cubic correction, called the tail-of-tail
and consisting of the interaction between two masses M and the quadrupole
moment Mij :

U3PN
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We have discussed in Sect. 2.4.2 the occurence of the length scale r0 (to be
distinguished from the gauge constant b0), which plays the role of renormal-
ization scale in the EFT approach (Goldberger and Ross 2010) and originates
from the Hadamard regularization scheme in the traditional post-Newtonian
calculation (Blanchet 1998a).

The next-order 3.5PN term has a structure similar to the 2.5PN one, i.e.
with some memory type integrals and instantaneous terms. The interactions
between moments, still of quadratic nature, are however more complicated:
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2.4.5 Radiative versus canonical moments

We first give the result for the radiative quadrupole moment Uij expressed
as a functional of the intermediate canonical moments ML, SL up to 4PN
order, plus a crucial hereditary contribution to 4.5PN order. Recalling that,
at leading order, the radiative moments reduce to the `-th time derivatives of
the canonical moments, we straightforwardly write

Uij = M(2)
ij (U) +

9X

n=3

U
n
2 PN
ij (U) + O

✓
1

c10

◆
, (238)

with small PN corrections up to 4.5PN, as indicated. Here U ⌘ T �R/c is the
retarded time in harmonic coordinates. The leading correction at 1.5PN order
is the quadratic quadrupolar tail M ⇥ Mij (see Sect. 2.4.2) given by
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The length scale b0 is arbitrary and defined by Eq. (194). At the next 2.5PN
order arises the leading non-local memory contribution (see Sect. 2.4.4) due
to the interaction between two quadrupole moments Mij ⇥Mkl, together with
associated instantaneous terms (Blanchet 1998c):

U2.5PN
ij =

G

c5

⇢
� 2

7

Z +1

0
d⌧

h
M(3)

ahiM
(3)
jia

i
(U � ⌧) (240)

+
1

7
M(5)

ahiMjia � 5

7
M(4)

ahiM
(1)
jia � 2

7
M(3)

ahiM
(2)
jia +

1

3
✏abhiM

(4)
jiaSb

�
.

At the 3PN order appears the first cubic correction, called the tail-of-tail
and consisting of the interaction between two masses M and the quadrupole
moment Mij :

U3PN
ij =

2G
2M2

c6

Z +1

0
d⌧ M(5)

ij (U � ⌧)


ln2

✓
c⌧

2b0

◆

+
11

6
ln

✓
c⌧

2b0

◆
� 107

105
ln

✓
c⌧

2r0

◆
+

124627

44100

�
. (241)

We have discussed in Sect. 2.4.2 the occurence of the length scale r0 (to be
distinguished from the gauge constant b0), which plays the role of renormal-
ization scale in the EFT approach (Goldberger and Ross 2010) and originates
from the Hadamard regularization scheme in the traditional post-Newtonian
calculation (Blanchet 1998a).

The next-order 3.5PN term has a structure similar to the 2.5PN one, i.e.
with some memory type integrals and instantaneous terms. The interactions
between moments, still of quadratic nature, are however more complicated:
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Next we introduce two unit polarization vectors P and Q, orthogonal and
transverse to the direction of propagation N , such that (N ,P ,Q) forms an
oriented orthonormal triad (hence NiNj +PiPj +QiQj = �ij). Our convention
for the choice of P and Q is clarified in the footnote 90. Then the two “plus”
and “cross” polarization states of the asymptotic waveform are defined by

h+ ⌘ 1

2
(PiPj � QiQj) h

TT
ij , (183a)

h⇥ ⌘ 1

2
(PiQj + PjQi) h

TT
ij . (183b)

Although the multipole decomposition (178) is completely general, it will
also be important, having in view the comparison between the post-Newtonian
and numerical results, to consider separately the various modes (`, m) of the
asymptotic waveform as defined with respect to a basis of spin-weighted spher-
ical harmonics of weight �2. Those harmonics are function of the spherical
angles (✓,�) defining the direction of propagation N , and given by

Y
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, (184c)

where k1 = max(0, m � 2) and k2 = min(` + m, ` � 2). We thus decompose
h+ and h⇥ onto the basis of such spin-weighted spherical harmonics, which
means (Buonanno et al. 2007; Kidder 2008)
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Using the orthonormality properties of these harmonics we can invert the latter
decomposition and obtain the separate modes h

`m from a surface integral,

h
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where the overline refers to the complex conjugation. On the other hand, we
can also relate h

`m directly to the radiative multipole moments UL and VL.
The result is

h
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c
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where U`m and V`m denote the radiative mass and current moments in stan-
dard (non-STF) guise. These are related to the STF moments by

U`m =
4
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s
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2.4 Asymptotic gravitational waveform

2.4.1 The radiative multipole moments

In Theorem 5 we constructed the metric in a radiative (or Bondi-type) coor-
dinate system (T,X), such that the retarded time U becomes asymptotically
a null coordinate at future null infinity (Papapetrou 1969; Madore 1970a,b).
The leading-order term 1/R (when R ! +1) yields the operational defini-
tion of two sets of STF radiative multipole moments, mass-type UL(U) and
current-type VL(U), where U ⌘ T � R/c. The radiative moments are defined
from the spatial components ij of the metric in a transverse-traceless (TT)
radiative coordinate system. By definition, we have (Thorne 1980)

h
TT
ij (U,X) = � 4G

c2R
?ijab (N)

+1X

`=2
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✓
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◆
. (178)

The metric is written here as a perturbation of the “gothic” metric
p

�gg
ij ; a

change of sign is required when considering a perturbation of the ordinary met-
ric gij . As before we denote for instance NL�2 = Ni1 · · · Ni`�2 and so on, where
Ni = (N)i and N = X/R, and the TT algebraic projection operator ?ijab is
given by Eq. (3). Obviously the multipole decomposition (178) represents the
generalization of the quadrupole moment formalism. Notice that the meaning
of Eq. (178) is for the moment rather empty, because we do not yet know how
to relate the radiative moments to the actual source parameters. Only at the

Newtonian level do we know this relation, which is Uij(U) = Q(2)
ij (U)+O(c�2),

where Qij is the Newtonian quadrupole moment (4). We shall relate below the
radiative moments to the source moments IL and JL obtained in Theorem 7.

Associated to the asymptotic waveform (178) we can compute by standard
methods the total energy flux F and angular momentum flux Gi in gravita-
tional waves (see Table 1),
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For instance the energy flux is readily obtained by plugging (178) into (109)
and integrating over angles. The above fluxes satisfy the time-averaged flux-
balance equations [already used in Eqs. (10)]

hdE

dt
i = �hFi , hdJi

dt
i = �hGii . (180)

GW Polarization States
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2.4 Asymptotic gravitational waveform

2.4.1 The radiative multipole moments

In Theorem 5 we constructed the metric in a radiative (or Bondi-type) coor-
dinate system (T,X), such that the retarded time U becomes asymptotically
a null coordinate at future null infinity (Papapetrou 1969; Madore 1970a,b).
The leading-order term 1/R (when R ! +1) yields the operational defini-
tion of two sets of STF radiative multipole moments, mass-type UL(U) and
current-type VL(U), where U ⌘ T � R/c. The radiative moments are defined
from the spatial components ij of the metric in a transverse-traceless (TT)
radiative coordinate system. By definition, we have (Thorne 1980)
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The metric is written here as a perturbation of the “gothic” metric
p

�gg
ij ; a

change of sign is required when considering a perturbation of the ordinary met-
ric gij . As before we denote for instance NL�2 = Ni1 · · · Ni`�2 and so on, where
Ni = (N)i and N = X/R, and the TT algebraic projection operator ?ijab is
given by Eq. (3). Obviously the multipole decomposition (178) represents the
generalization of the quadrupole moment formalism. Notice that the meaning
of Eq. (178) is for the moment rather empty, because we do not yet know how
to relate the radiative moments to the actual source parameters. Only at the

Newtonian level do we know this relation, which is Uij(U) = Q(2)
ij (U)+O(c�2),

where Qij is the Newtonian quadrupole moment (4). We shall relate below the
radiative moments to the source moments IL and JL obtained in Theorem 7.

Associated to the asymptotic waveform (178) we can compute by standard
methods the total energy flux F and angular momentum flux Gi in gravita-
tional waves (see Table 1),
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For instance the energy flux is readily obtained by plugging (178) into (109)
and integrating over angles. The above fluxes satisfy the time-averaged flux-
balance equations [already used in Eqs. (10)]

hdE

dt
i = �hFi , hdJi

dt
i = �hGii . (180)

GW modes
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Next we introduce two unit polarization vectors P and Q, orthogonal and
transverse to the direction of propagation N , such that (N ,P ,Q) forms an
oriented orthonormal triad (hence NiNj +PiPj +QiQj = �ij). Our convention
for the choice of P and Q is clarified in the footnote 90. Then the two “plus”
and “cross” polarization states of the asymptotic waveform are defined by

h+ ⌘ 1

2
(PiPj � QiQj) h

TT
ij , (183a)

h⇥ ⌘ 1

2
(PiQj + PjQi) h

TT
ij . (183b)

Although the multipole decomposition (178) is completely general, it will
also be important, having in view the comparison between the post-Newtonian
and numerical results, to consider separately the various modes (`, m) of the
asymptotic waveform as defined with respect to a basis of spin-weighted spher-
ical harmonics of weight �2. Those harmonics are function of the spherical
angles (✓,�) defining the direction of propagation N , and given by

Y
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r
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4⇡
d
`m(✓) eim�
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, (184c)

where k1 = max(0, m � 2) and k2 = min(` + m, ` � 2). We thus decompose
h+ and h⇥ onto the basis of such spin-weighted spherical harmonics, which
means (Buonanno et al. 2007; Kidder 2008)
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Y
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Using the orthonormality properties of these harmonics we can invert the latter
decomposition and obtain the separate modes h

`m from a surface integral,

h
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Z
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h
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i
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�2 (✓,�) , (186)

where the overline refers to the complex conjugation. On the other hand, we
can also relate h

`m directly to the radiative multipole moments UL and VL.
The result is

h
`m = � Gp

2Rc`+2


U`m � i

c
V`m

�
, (187)

where U`m and V`m denote the radiative mass and current moments in stan-
dard (non-STF) guise. These are related to the STF moments by

U`m =
4
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Next we introduce two unit polarization vectors P and Q, orthogonal and
transverse to the direction of propagation N , such that (N ,P ,Q) forms an
oriented orthonormal triad (hence NiNj +PiPj +QiQj = �ij). Our convention
for the choice of P and Q is clarified in the footnote 90. Then the two “plus”
and “cross” polarization states of the asymptotic waveform are defined by
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Although the multipole decomposition (178) is completely general, it will
also be important, having in view the comparison between the post-Newtonian
and numerical results, to consider separately the various modes (`, m) of the
asymptotic waveform as defined with respect to a basis of spin-weighted spher-
ical harmonics of weight �2. Those harmonics are function of the spherical
angles (✓,�) defining the direction of propagation N , and given by
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where k1 = max(0, m � 2) and k2 = min(` + m, ` � 2). We thus decompose
h+ and h⇥ onto the basis of such spin-weighted spherical harmonics, which
means (Buonanno et al. 2007; Kidder 2008)
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Using the orthonormality properties of these harmonics we can invert the latter
decomposition and obtain the separate modes h

`m from a surface integral,
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where the overline refers to the complex conjugation. On the other hand, we
can also relate h

`m directly to the radiative multipole moments UL and VL.
The result is

h
`m = � Gp
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where U`m and V`m denote the radiative mass and current moments in stan-
dard (non-STF) guise. These are related to the STF moments by
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Next we introduce two unit polarization vectors P and Q, orthogonal and
transverse to the direction of propagation N , such that (N ,P ,Q) forms an
oriented orthonormal triad (hence NiNj +PiPj +QiQj = �ij). Our convention
for the choice of P and Q is clarified in the footnote 90. Then the two “plus”
and “cross” polarization states of the asymptotic waveform are defined by
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Although the multipole decomposition (178) is completely general, it will
also be important, having in view the comparison between the post-Newtonian
and numerical results, to consider separately the various modes (`, m) of the
asymptotic waveform as defined with respect to a basis of spin-weighted spher-
ical harmonics of weight �2. Those harmonics are function of the spherical
angles (✓,�) defining the direction of propagation N , and given by
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where k1 = max(0, m � 2) and k2 = min(` + m, ` � 2). We thus decompose
h+ and h⇥ onto the basis of such spin-weighted spherical harmonics, which
means (Buonanno et al. 2007; Kidder 2008)
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Using the orthonormality properties of these harmonics we can invert the latter
decomposition and obtain the separate modes h

`m from a surface integral,
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where the overline refers to the complex conjugation. On the other hand, we
can also relate h

`m directly to the radiative multipole moments UL and VL.
The result is
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where U`m and V`m denote the radiative mass and current moments in stan-
dard (non-STF) guise. These are related to the STF moments by
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2.4.5 Radiative versus canonical moments

We first give the result for the radiative quadrupole moment Uij expressed
as a functional of the intermediate canonical moments ML, SL up to 4PN
order, plus a crucial hereditary contribution to 4.5PN order. Recalling that,
at leading order, the radiative moments reduce to the `-th time derivatives of
the canonical moments, we straightforwardly write

Uij = M(2)
ij (U) +

9X
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U
n
2 PN
ij (U) + O

✓
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c10

◆
, (238)

with small PN corrections up to 4.5PN, as indicated. Here U ⌘ T �R/c is the
retarded time in harmonic coordinates. The leading correction at 1.5PN order
is the quadratic quadrupolar tail M ⇥ Mij (see Sect. 2.4.2) given by
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The length scale b0 is arbitrary and defined by Eq. (194). At the next 2.5PN
order arises the leading non-local memory contribution (see Sect. 2.4.4) due
to the interaction between two quadrupole moments Mij ⇥Mkl, together with
associated instantaneous terms (Blanchet 1998c):

U2.5PN
ij =

G

c5

⇢
� 2

7

Z +1

0
d⌧

h
M(3)

ahiM
(3)
jia

i
(U � ⌧) (240)

+
1

7
M(5)

ahiMjia � 5

7
M(4)

ahiM
(1)
jia � 2

7
M(3)

ahiM
(2)
jia +

1

3
✏abhiM

(4)
jiaSb

�
.

At the 3PN order appears the first cubic correction, called the tail-of-tail
and consisting of the interaction between two masses M and the quadrupole
moment Mij :

U3PN
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We have discussed in Sect. 2.4.2 the occurence of the length scale r0 (to be
distinguished from the gauge constant b0), which plays the role of renormal-
ization scale in the EFT approach (Goldberger and Ross 2010) and originates
from the Hadamard regularization scheme in the traditional post-Newtonian
calculation (Blanchet 1998a).

The next-order 3.5PN term has a structure similar to the 2.5PN one, i.e.
with some memory type integrals and instantaneous terms. The interactions
between moments, still of quadratic nature, are however more complicated:
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2.4.5 Radiative versus canonical moments

We first give the result for the radiative quadrupole moment Uij expressed
as a functional of the intermediate canonical moments ML, SL up to 4PN
order, plus a crucial hereditary contribution to 4.5PN order. Recalling that,
at leading order, the radiative moments reduce to the `-th time derivatives of
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with small PN corrections up to 4.5PN, as indicated. Here U ⌘ T �R/c is the
retarded time in harmonic coordinates. The leading correction at 1.5PN order
is the quadratic quadrupolar tail M ⇥ Mij (see Sect. 2.4.2) given by

U1.5PN
ij =

2GM

c3

Z +1

0
d⌧ M(4)

ij (U � ⌧)


ln

✓
c⌧

2b0

◆
+

11

12

�
. (239)

The length scale b0 is arbitrary and defined by Eq. (194). At the next 2.5PN
order arises the leading non-local memory contribution (see Sect. 2.4.4) due
to the interaction between two quadrupole moments Mij ⇥Mkl, together with
associated instantaneous terms (Blanchet 1998c):
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At the 3PN order appears the first cubic correction, called the tail-of-tail
and consisting of the interaction between two masses M and the quadrupole
moment Mij :
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We have discussed in Sect. 2.4.2 the occurence of the length scale r0 (to be
distinguished from the gauge constant b0), which plays the role of renormal-
ization scale in the EFT approach (Goldberger and Ross 2010) and originates
from the Hadamard regularization scheme in the traditional post-Newtonian
calculation (Blanchet 1998a).

The next-order 3.5PN term has a structure similar to the 2.5PN one, i.e.
with some memory type integrals and instantaneous terms. The interactions
between moments, still of quadratic nature, are however more complicated:
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2.4.5 Radiative versus canonical moments

We first give the result for the radiative quadrupole moment Uij expressed
as a functional of the intermediate canonical moments ML, SL up to 4PN
order, plus a crucial hereditary contribution to 4.5PN order. Recalling that,
at leading order, the radiative moments reduce to the `-th time derivatives of
the canonical moments, we straightforwardly write
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with small PN corrections up to 4.5PN, as indicated. Here U ⌘ T �R/c is the
retarded time in harmonic coordinates. The leading correction at 1.5PN order
is the quadratic quadrupolar tail M ⇥ Mij (see Sect. 2.4.2) given by
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The length scale b0 is arbitrary and defined by Eq. (194). At the next 2.5PN
order arises the leading non-local memory contribution (see Sect. 2.4.4) due
to the interaction between two quadrupole moments Mij ⇥Mkl, together with
associated instantaneous terms (Blanchet 1998c):
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In the Multipolar-post-Minkowskian (MPM) formalism,
radiative moments (UL,VL) are connected to canonical
moments (ML, SL). For instance,
Uij is given by
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The PN-MPM approach — application to circular 
binaries   
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Equations of motion  
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10 Luc Blanchet

the source to the detector. Such multipole interactions include the famous tail
e↵ect, corresponding to the coupling between the non-static moments with the
mass of the source, and the non-linear memory e↵ect (Blanchet and Damour
1988, 1992). Furthermore Blanchet (1987) proved that this construction, when
considered in a neighbourhood of future null infinity, recovers the findings of
the Bondi et al. (1962); Sachs (1962) approach to gravitational radiation.

A di↵erent wave-generation formalism has been devised by Will and Wise-
man (1996) (see also Will 1999; Pati and Will 2000, 2002). This formalism,
called “Direct Integration of the Relaxed Equations – DIRE”, has exactly
the same scope as the MPM-PN method, i.e., it applies to any isolated post-
Newtonian sources, in principle up to any PN order. However it di↵ers in
the definition of the source multipole moments, that are some well-defined
(compact-support) versions of the Epstein and Wagoner (1975); Thorne (1980)
moments rather than the Blanchet and Damour (1989) moments, and in the
calculation of tails and related non-linear e↵ects. In both formalisms the source
multipole moments, which involve a whole series of relativistic PN corrections,
must be coupled together in a complicated way in the true non-linear solu-
tion; such non-linear couplings form an integral part of the radiative moments
at infinity and thereby of the observed signal. The equivalence, at the most
general level, between the MPM-PN framework and the DIRE formalism, has
been proved in Sect. 4.3 of Blanchet (2014).

1.1.2 The quadrupole moment formalism

The lowest-order wave generation formalism is the famous Einstein (1918)
quadrupole moment formalism. In his original paper Einstein derived it in the
case where the dynamics of the source is driven by non gravitational forces.
However a simple derivation of the quadrupole formalism due to Landau and
Lifshitz (1971) showed that it is actually also valid for self-gravitating sources,
whose dynamics is due to the gravitational force – for instance a Newtonian
binary star system.5

The quadrupole formalism applies to a general isolated matter source which
is post-Newtonian in the sense of existence of the small post-Newtonian pa-
rameter ✏ defined by Eq. (1). However, the quadrupole formalism is valid in
the Newtonian limit ✏ ! 0; it can rightly be qualified as “Newtonian” because
the quadrupole moment of the matter source is Newtonian and its evolution
obeys Newton’s laws of gravity. In this formalism the gravitational field h

TT
ij

(written here as a perturbation of the “gothic” spatial metric gij ⌘
p

�gg
ij)

is expressed in a transverse and traceless (TT) coordinate system covering the
far zone of the source at retarded times,6 as

h
TT
ij = � 2G

c4R
?ijab (N)

⇢
d2Qab

dT 2
(T � R/c) + O

✓
1

c

◆�
+ O

✓
1

R2

◆
, (2)

5 The fact that the Newtonian conservation laws forbid the emission of dipole gravitational
waves was pointed out by Abraham in 1914 (see Kennefick 2007).

6 The TT coordinate system can be extended to the near zone of the source as well; see,
e.g., Kopeikin et al. (1999).
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where R = |X| is the distance to the source, T � R/c is the retarded time,
N = X/R is the unit direction from the source to the far away observer, and

?ijab ⌘ 1

2

h
?ai?jb + ?aj?ib � ?ij?ab

i
, (3)

is the TT projection operator, with ?ij ⌘ �ij � NiNj being the projector
onto the plane orthogonal to N . The source’s quadrupole moment takes the
familiar Newtonian form (see the footnote 23 for further notation)

Qij(t) =

Z
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d3x ⇢(x, t)

✓
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3
�ijx
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where ⇢ is the Newtonian (essentially baryonic) mass density, obeying the usual
continuity equation @t⇢ + @i(⇢v

i) = 0. The total gravitational power emitted
by the source in all directions around the source is given by the Einstein
quadrupole formula
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Our notation F stands for the total gravitational energy flux or gravitational
“luminosity” of the source. Similarly, the total angular momentum flux is
(Papapetrou 1971; Thorne 1980)

Gi ⌘
✓

dJi
dT

◆GW

=
G

c5

⇢
2

5
✏iab

d2Qac

dT 2

d3Qbc

dT 3
+ O

✓
1

c2

◆�
, (6)

where ✏abc denotes the standard Levi-Civita symbol with ✏123 = 1. We shall
give in Eqs. (35)–(36) the related fluxes of linear momentum and position of
the center of mass.

Associated with the latter energy and angular momentum fluxes, there is
also a quadrupole formula for the radiation reaction force, which reacts on
the source’s dynamics in consequence of the emission of waves. This force
will inflect the time evolution of the orbital phase of the binary pulsar and
is responsible for the inspiral of compact binaries. At the position (x, t) in a
particular coordinate system covering the source, the reaction force density
can be written as (Burke and Thorne 1970; Burke 1971; Misner et al. 1973)

F
reac
i =

G

c5
⇢

⇢
�2

5
x
a d5Qia

dt5
+ O

✓
1

c2

◆�
. (7)

This is the gravitational analogue of the damping force of electromagnetism.
However, notice that gravitational radiation reaction is inherently coordinate
dependent, so the expression of the force depends on the coordinate system
which is used. Consider now the energy and angular momentum of an isolated
matter system made of some perfect fluid, say

E =

Z
d3x ⇢


v2

2
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2
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◆
, (8a)
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Note: Angular brackets in  indicate that the quantity is 
symmetric and trace free in its two indices.  

x⟨ixj⟩
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Quadrupole moment tensor 
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Note:   xi = rni & ai = − ω2xi = Gm
r3 xi & υ2 = r2ω2

Compact binary  
Qij = m1 y⟨ij⟩

1 + m1 y⟨ij⟩
2 (Body frame)

= mνx⟨ij⟩ (CoM frame; Exercise)

Q(2)
ij = 2νm (υ⟨ij⟩ −

Gm
r3

x⟨ij⟩) P1,Tut1

Q(3)
ij = − 8νm

Gm
r3

υ⟨ixj⟩ P1,Tut1

(Q(3)
ij )2 = 32ν2m2 G3m3

r5
υ⟨ixj⟩ P2,Tut1

Note: 
  x⟨ixj⟩ = x⟨ij⟩, m = m1 + m2, ν = μm, yi

1 − yi
2 = xi = r ni, υi = dxi

dt = rωλi
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GW energy flux 

GW Radiation field 
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GW Radiation Field in terms of Source moments 

CsRAVITATIONAL WAVES FROM INSPIRALLING COMPACT. . . 5373

(where 8&
——1 if E = 0 and 0 otherwise, and similarly for g), we obtain finally

I(w )
L C„yi y12+ 1 m2 (3.69b)

where the multi-indices are such that there are S—p indices on yq and p on yq2 ——yq —y2. Writing out explicitly the
low orders in E we find

with

G2m2m
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(3.71c)
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('jJ )@j k yl + 3yl y12 + 6yl y12 2y12
(ijat) (ijr I) (ij I.i) (i jIi) 15 (ijki)

@2j kl yl + 4yi y12 + 12yl y12 8yi y12 + 7 y12 (3.71e)

One should note that in all the formulas for W and I& given above, starting with Eq. (3.53), one must complement
the explicitly written results by adding similar terms, proportional to m~m2, obtained by exchanging the labels 1 and
2 (remember that y21 = y2 —yi ———y12). For instance, the complete expression of the quadrupole reads

2m mI = — . STF,i [miyi + m2y2 + 2(miyi —m2y2)y12 + 2(mi + m2)y12] .C r12
(3.72)

An independent, direct derivation of the quadrupole (3.72) (without using the decomposition of H7 into homogeneous
and inhomogeneous parts) is given in Appendix B. In the center-of-mass frame, we finally get, for the cubically
nonlinear contribution to the quadrupole,

I~, ~ = —vms (2+ 5v)i'~ . (3.73)

Summing up the explicit results obtained for the three pieces of the 2PN-accurate quadrupole (considered for circular
orbits, in the center-of-mass frame) we get

Ii, =Ii(, )+I(j)+Ii(j ) =STF,, vm x'j 1+39VX'j + —"—', v'j 1 —3P
'U j

1512 (461+ 18M5v+ 241v ) + (1607—1681v+ 228v'))378c2 (3.74)

IV. THE 2PN-ACCURATE VFAVEFORM AND ENEKCY LOSS

A. The waveform including its tail contribution

The 2PN-accurate waveform is given by Eq. (2.3) in terms of' the "radiative" multipole moments UL, and VL, which
are in turn linked to the source moments II, and Jl. by Eqs. (2.6) and (2.7). The latter equations involve some tail
integrals and therefore yield a natural decomposition of the waveform into two pieces, one which depends on the state
of the binary at the retarded instant TR = T —8/c only (we qualify this piece as "instantaneous"), and one which is
a priori sensitive to the binary's dynamics at all previous instants TR —7 ( TR (we refer to this piece as the "tail"
contribution). More precisely, we decompose

=("k ) 2+("k )t ) (4.1)

where the "instantaneous" contribution is de6ned by

TT .(4 )'-2 = 2G (2) 1 1 (3) 4 (2)+ijk~ I . + — NaIij'a + ~ab(i J ) Nb

1 1 (5) 2 (4) 1+ 3 abc ijabc + ab(i j )acd bcd + 4
—N I. . + ~ J. N

1 1 (4) 1 (3)+ 2 Nab ijab + ~ab(i J ) Nbcj
I(6) J(5)abed ij abed + 36~ab(i j)acde bede (4.2)
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and where the "tail" contribution reads
2G 2Gm(6 )2'i= C4B c3 0

We have used for simplicity the notation
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(4.3a)

(4.3b)
Note that the decomposition (4.1)—(4.3) into instantaneous and tail contributions is convenient but by no means
unique. In particular the logarithms of the constants bi, b2, bs in Eq. (4.3a) could be as well transferred to the
instantaneous side (4.2).
We first study the instantaneous contribution (4.2), which is straightforwardly computed from the 2PN-accurate

mass quadrupole moment previously derived [Eq. (3.74)], and from the knowledge of the other moments necessitating
the 1PN accuracy at most. The 1PN-accurate source moments have been derived in [7] [see Eq. (2.9) above] and [8].
Note that the result (5.18) of [8] is equivalent to inserting Eq. (3.21) into the result (2.13) above. We list below the
relevant mass-type and current-type moments which have to be inserted into the waveform (4.2):
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Note that the authors of Ref. [8] gave two diff'erent forms of the current-type moments: a "central" form, its Eq. (5.18),
equivalent to the form (2.13) above (taken from [10]), and a "potential" form. We found the first form simpler to
evaluate when one is interested in computing the moments in the center-of-mass frame. [By using it, we detected. an
error in [33] which computed the potential form of the octupole J,~i, . the coefficient of the twelfth term in Eq. (9) of
Ref. [33] should read —5/2 instead of +3/2 (this twelfth term was the only one not checked by the transformation law
of multipole moments under a constant shift of the spatial origin of the coordinates). ] The relevant time derivatives
of the moments (4.4), as well as all their contractions with the unit direction N which are needed in the computation
of (h&+ );„,6, are relegated to Appendix C. One gets, for the 2PN-accurate instantaneous part of the waveform (in the
case of two bodies moving on a circular orbit),
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where the various post-Newtonian pieces are given by
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mass octupole moment I i j k ,  and to [45] for the (more complicated) expression of the spin 
quadrupole moment J , .  (Note that the Newtonian precision of the quadrupole moment (2.7) 
is sufficient in the second term of (2.5).) 

All the source moments I i j (U) ,  & ( U ) ,  . . . in (2.6), and the tensor Kjj(U,  N )  itself, are 
local-in-time (or 'instantaneous') functionals of the source in the sense that they depend at 
time U on the components of the stressaergy tensor of the source at the same time U (see 
(2.7)). By contrast, we see that the second term in the asymptotic wave field (2.5). which 
involves the fourth derivative of the source quadrupole moment (2.7) and the total mass M 
of the source, depends on the state of the source at all times V < U in the past. This term, 
which we shall qualify as non-local-in-time (or 'hereditary'), represents a component of the 
radiation field which propagates on average inside the light cone. Physically, this term can be 
viewed as the wave tail produced by the continuous backscattering of the linear quadrupolar 
wave off the curved spacetime generated by the mass M of the source. It has been shown 
that to the non-local wave tail in (2.5) corresponds a non-local modification of the radiation 
reaction force in the source [5 1,521, and that the energy carried out at infinity by the wave tail 
is exactly balanced by the work done in the source by this non-local force [46]. 

The wave tail in (2.5) involves two constants, besides the mass M of the source: b and G ,  
The constant # was computed in [46]. Here we have chosen to include this constant in the 
tail even though it is in front of a term which is proportional to the thud derivative of l i j ( U ) ,  
and which is thus purely local. (Note that the same { appears also in the radiation reaction 
force acting within the source [52].) The constant b is an arbitray constant which is strictly 
positive and has the dimension of time. It parametrizes the coordinate transformation between 
the far-zone coordinate system T, X and the (harmonic) source coordinate system t ,  x [46]. 
More precisely, the constant b relates the origin of the far-zone coordinate time U = T - R f c  
(at some fixed large distance of the source) to the origin of the harmonic coordinate time I in 
the source. The relation between both times reads as 

L Blanchet and G Schajei 

where r = 1x1 is the distance of the source in harmonic coordinates. By inserting (2.8) into 
(2.5) we easily see that the far-zone field does not depend (within the accuracy with which it 
is derived) on the constant b when it is expressed in source-rooted coordinates t ,  x [46]. 

The integrand of the wave tail in (2.5) contains a logarithmic kernel which blows up when 
the span interval U - V between the 'current' time U and the actual time V of dependence of 
the field on the source goes to infinity. We must therefore supplement the study of the wave 
tail by some assumption concerning the behaviour of the source at very early times V + -W. 
In this paper we shall assume that the second time derivative of the quadrupole moment lii 
(equation (2.7)) becomes asymptotically constant when V + -w, i.e. 

(2.9) 

where Aij is some constant tensor. Furthermore we shall assume that the o symbol in (2.9) 
satisfies a"o(l)/aV' = o(l/Vn). (By f(V) = o(g(V)) we mean that f(V)/g(V) tends 
to zero when V --t -w.) The assumption (2.9) precludes the emission of a strong burst of 
gravitational radiation in the past (see e.g. [51]), and it is satisfied for instance in the case of 
an initial scattering situation where the system is formed by accretion of bodies moving on an 
initially hyperbolic orbit. (The tensor Aij is in this case equal to CAmauiui wheremn and I J ~  
are the mass and initial velocities of the bodies.) Subject to the assumption (2.9), the integrand 
of the wave tail behaves as In(-V)o(l/VZ) when V --f -CO, and the integral is perfectly 
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B. Adiabatic inspiral of quasicircular orbits

Solving the equations of motion yields explicit expres-
sions for the accelerations of each body in terms of the
positions and velocities of the two bodies [55–65]. The
two-body equations of motion can then be reduced to
relative equations of motion in the center-of-mass frame
in terms of the relative position ~x and velocity ~v [66]. The
relative acceleration ~a is currently known through 3.5PN
order [10,11]. The effects of radiation reaction (due to the
emission of gravitational waves) enter the relative accel-
eration starting at 2.5PN order.

The emission of gravitational radiation causes the orbits
of an isolated binary system to circularize [67]. Thus, for
the remainder of this paper the orbital evolution of the
binary will be modeled as a slow adiabatic inspiral of a
quasicircular orbit. In addition, it will be assumed that the
individual compact objects are nonspinning.

The orbital plane is chosen to be the X-Y plane with the
orbital phase # defining the direction of the unit vector
~n # ~x=r along the relative separation vector by

 n # cos# ~eX $ sin# ~eY: (31)

Then the motion of the binary can be described using the
rotating orthonormal triad ! ~n; ~$; ~eZ" with ~$ # ~eZ & ~n.

The relative position, velocity, and acceleration are
given by

 

~x # r ~n; (32)

 

~v # _r ~n$r! ~$; (33)

 

~a # ! !r% r!2" ~n$ !r _!$ 2 _r!" ~$; (34)

where the orbital frequency ! # _#. Through 2PN order, it
is possible to model the motion of the binary as a circular
orbit with the solution !r # _r # _! # 0 and r!2 # % ~n ' ~a.

At 2.5PN order, however, the inspiral motion must be
taken into account. The leading order contribution to the
inspiral of a quasicircular orbit can be obtained by exam-
ining the Newtonian orbital energy of a circular orbit,
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where % # m1m2=m2, and the leading order gravitational
luminosity from a circular orbit,
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and assuming that the energy radiated by the gravitational
waves is balanced by the change in the orbital energy (i.e.
dE=dt # %L). Then
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Substituting (37) and (38) into Eqs. (33) and (34) and
noting that !r # O!"5", the following expressions for the
3PN inspiral relative velocity and relative acceleration are
obtained:
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where the 3PN orbital angular frequency is [59,60]
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sions for the accelerations of each body in terms of the
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in terms of the relative position ~x and velocity ~v [66]. The
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order [10,11]. The effects of radiation reaction (due to the
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was determined in [75, 76] and is physically due to the scattering of GWs on the Schwarzschild background associated
with M (i.e. GW tails). While the GW half-phase ψ and the corresponding GW frequency f = ψ̇/π are directly
measurable, the orbital phase φ can only be inferred via the theoretical prediction (7). When expressing the results
in terms of the GW observables ψ and f , the arbitrary scale f0 is canceled out (see Sec. VI B in the detailed paper
[24]). The explicit expression of the time-domain GW half-phase ψ(t) in terms of x(t) [given by (6)] reads

ψ = ψ0 −
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where the integration constant ψ0 is determined by initial conditions, e.g., when the wave frequency enters the
detector’s band. The results hereabove (6)–(8) give the prediction of Einstein’s general relativity for the GW frequency
and phase chirp of non-spinning compact binaries up to 4.5PN precision.

Up to now we dealt with the time-domain GW half-phase ψ(t). It is useful (especially for data-analysis purposes)
to also control the frequency-domain GW half-phase, which we denote Ψ(F ). Its PN expansion is obtained by using
the stationary phase approximation (SPA) [77] and reads:
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6848

21
ln(4v) +

(

−
15737765635

3048192
+

2255

12
π2

)

ν

+
76055

1728
ν2 −

127825

1296
ν3
]

v6

+

[

77096675

254016
+

378515

1512
ν −

74045

756
ν2
]

πv7

[ PN expansion 
parameter : 
x=v2 ]

[ Order counting terminology : nPN := xn ]

GW Phasing Formula
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Taylor series expansions in small parameters such as internal source velocities 

Point particles, multipolar expansions etc.  

High order computations (to gain accuracy but nontrivial due to divergences)

5

+

(

−
1492917260735

134120448
+

2255

6
π2

)

ν +
45293335

127008
ν2 +

10323755

199584
ν3
]

πv9 +O
(

v10
)

}

, (9)

where v ≡
(

πGmF
c3

)1/3
with F being the Fourier frequency, and where T0 and Ψ0 are two integration constants. Again

we have adjusted T0 in order to simplify the result (and we have absorbed the usual −π
4
into Ψ0). The coefficients

up to 3.5PN, as well as the 4.5PN piece, are already in use; see e.g. App. A of [72].
In order to get intuition on the relative contribution of each PN order to the signal, we provide in Table I rough

numerical estimates for the number of accumulated GW cycles in the frequency band of current and future detectors.
Our naive estimation does not take the various detector noises into account, and a more realistic estimation should
be performed [73]. Nevertheless, it can be useful to gain insight on the behavior of the PN expansion, which seems
to converge well, as we see from Table I. For all the typical compact binaries in Table I, we find that the 4PN and
4.5PN orders amount to about a tenth of a cycle (less than 1 radian). This suggests that systematic errors due to the
PN modeling may be dominated by statistical errors and negligible for LISA. However, this should be confirmed by
detailed investigations along the lines of [74].

Detector LIGO/Virgo ET LISA

Masses (M⊙) 1.4× 1.4 10× 10 1.4× 1.4 500× 500 105 × 105 107 × 107

PN order cumulative number of cycles

Newtonian 2 562.599 95.502 744 401.36 37.90 28 095.39 9.534

1PN 143.453 17.879 4 433.85 9.60 618.31 3.386

1.5PN −94.817 −20.797 −1 005.78 −12.63 −265.70 −5.181

2PN 5.811 2.124 23.94 1.44 11.35 0.677

2.5PN −8.105 −4.604 −17.01 −3.42 −12.47 −1.821

3PN 1.858 1.731 2.69 1.43 2.59 0.876

3.5PN −0.627 −0.689 −0.93 −0.59 −0.91 −0.383

4PN −0.107 −0.064 −0.12 −0.04 −0.12 −0.013

4.5PN 0.098 0.118 0.14 0.10 0.14 0.065

TABLE I. Contribution of each PN order to the total number of accumulated cycles inside the detector’s frequency band, for
typical (but non-spinning) quasi-circular compact binaries observed by current and future detectors. We have approximated the
frequency bands of LIGO/Virgo, Einstein Telescope (ET) and LISA with step functions, respectively between

[

30Hz, 103 Hz
]

,
[

1Hz, 104 Hz
]

and
[

10−4 Hz, 10−1 Hz
]

. When the merger occurs within the frequency band of the detector, the exit frequency

is taken to be the Schwarzschild ISCO, fISCO = c3/(63/2πGm). The contributions due to the non-linearities of GR (e.g., tails)
increase with the PN order and are detailed in [22].

Besides the chirp described by the results (6)–(8), it is also important to compute the wave amplitude, in view
of the data analysis of LISA [75–77] and high-accuracy comparisons with numerical relativity (see e.g. [78–81]). We
decompose the waveform, at leading order in the distance R to the source, onto a basis of spin-weighted spherical
harmonics (following the conventions of [82, 83])

h+ − ih× =
8Gmνx

Rc2

√

π

5

+∞
∑

ℓ=2

ℓ
∑

m=−ℓ

Hℓme
−imψY ℓm

−2 , (10)

where the phase variable is given by (8). All Hℓm modes are currently known at 3.5PN order for spinning, non-
precessing, quasi-circular orbits [82–86]. Although we were able to derive the phase with 4.5PN accuracy, the same
precision for the modes is yet out of reach, since, even though the 4.5PN radiation-reaction terms in the equations
of motion are known [87, 88], neither the source quadrupole moment nor the non-linear contributions to the GW
propagation are fully controlled at 4.5PN order (only the contributions that enter the 4.5PN flux for circular orbits
are known). We thus report the extension of the dominant quadrupole mode (ℓ,m) = (2, 2) for non-spinning, quasi-
circular orbits up to 4PN order:

H22 = 1 +

(

−
107

42
+

55

42
ν

)

x+ 2πx3/2 +

(

−
2173

1512
−

1069

216
ν +

2047

1512
ν2
)

x2 +

[

−
107π

21
+

(

34π

21
− 24 i

)

ν

]

x5/2

[Order counting terminology : nPN := v2n ]



Current Status
GW phasing 

4.5PN non-spinning, quasi-circular […, Blanchet+, arXiv:2304.11185] 
Quasi-circular SO (4PN), SS (3PN), SSS (3.5PN) […, Mishra+, arXiv:1601.05588] 
3PN non-spinning, eccentric […, B Moore+, arXiv:1604.00304] 
3PN fluxes spinning, eccentric […, Q Henry+, arXiv:2308.13606] 
3PN spinning, eccentric […, Sridhar+, arXiv:2412.10909]   
Tidal effects non-spinning, circular (7.5PN) […, Q Henry, arXiv:2005.13367] 
spinning, circular (6.5PN) […, Castro+, arXiv: 2204.12510] 

GW Amplitude

4PN quadrupole mode non-spinning, quasi-circular orbits […, L Blanchet+, 
arXiv:2304.11186]. 
3.5PN all modes spinning, quasi-circular […, Q Henry+, arXiv:2210.15602] 
3PN all modes non-spinning, eccentric […, Boetzel+, arXiv:1904.11814, 
Ebersold+, arXiv:1906.06263] 
3PN all modes spinning, eccentric […Paul+, arXiv:2211.04155, Q Henry+, 
arXiv:2308.13606]
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IMR prescriptions (current Status)
EOB IMR models 

SEOBNRv5PHM […, Ramos-Buades+, arXiv:2303.18046] 
SEOBNRv4EHM […, Ramos-Buades+, arXiv:2112.06952] 
TEOBResumS […, Nagar+, arXiv:1806.01772] 
TEOBResumSGeneral [Nagar+, arXiv:2101.08624]

46

Phenom and other IMR models     
PhenomPv3HM […, Khan+, arXiv:1911.06050] 
PhenomXPHM […, Pratten+, arXiv:2004.06503] 
NRSur7dq4 […, Varma+, arXiv:1905.09300] 
NRSur2dq1Ecc […, Islam+, arXiv:2101.11798] 
EOBNRE_S […, Yun+, arXiv:2104.03789] 
ENIGMA […, Paul+, arXiv:2409.13866, Maurya+ 
arXiv:2510.00116] 
Non-spinning EccentricIMR Models […, Chattaraj+, 
arXiv:2204.02377, Manna+, arXiv:2409.10672]
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Thank You!
[Image Credits : Isobel Romero-Shaw]
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Source Multipoles moments 
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dE~ c
dT~ 32vr G

OhTT
B'dO(N) .

BTR )
(2.4)

At the 2PN approximation this yields (with Ui"1 = d"U/de)

A 2PN-accurate gravitational-wave generation formal-
ism is a method allow'ing one to compute the radiative
moments entering Eqs. (2.3) and (2.5) in terms of the
source variables with an accuracy sufFicient for obtaining
the waveform with f'ractional accuracy 1/c . The latter
requirement implies, in view of Eq. (2.3), that one should
(at a minimum) compute the mass-type quadrupole ra-
diative moment U;, ;, with 1/c accuracy, the mass-type
radiative octupole U;„„,and the current-type radiative
quadrupole V;„, with 1/cs accuracy, U;„„.„., and V;„.„,
nian accuracy. Note that these requirements are relaxed
if one is only interested in getting the energy loss rate
with 2PN accuracy. In that case, Eq. (2.5) shows that
one still needs U,„., with 1/c accuracy, but that it is
enough to compute U,„„,and V,„,with 1/c accuracy,
and U;„„.„., and V;„.„,with Newtonian accuracy.

In our generation formalism, the link between the ra-
diative multipoles Ul. and VL, and the dynamical state
of the material source is obtained in several steps involv-
ing as intermediate object a certain vacuum "canonical"
metric g„' "(x,"„)expressed in terms of some "canonical"
multipoles Mr, and Sl. (alternatively referred to as algo-
rithmic moments in [8]). On the one hand, the match-
ing of g„'„"(2:," „) to a (PN-expanded) near-zone solution
of the inhomogeneous Einstein equations allows one to
compute ML, and SL, in terms of some suitably deGned
"source" multipoles IL, (source), Jl, (source). On the other
hand, the computation of nonlinear eÃects in the wave
zone allows one to compute UL, and Vl, as functionals of
ML, and SI,. The final result for the 2PN-accurate gener-
ation formalism reads (when working in an initially mass-
centered coordinate system, i.e., such that the canonical
mass dipole M; vanishes for all times)

2am +-
U;, (T~) = I!,"(T~)+

0

U;&a(TR) = I,,„(TR)+ 0
2Gm +-

V;, (T )=J,, (T )+

dr ln —+—I, (T~ —r) +O(e ),7 11 (4) 5
26 12

dr ln —+ I. (T~ —r)+O(e ),97 (5) 5
26 60

dr ln —+ — J, (TR —7.) + O(e ),26 6

(2.6a)

(2.6b)

(2.6c)

for the moments that need to be known beyond the 1PN accuracy, and

UL, (T~) = I~i 1(T~) + O(e ),
VL, (Ta) = Jl. '(TR) + O(e'),

(2.7a)
(2.7b)

for the other ones. Equations (2.6) involve some integrals which are associated with tails; these integrals have in front
of them the total mass energy m of the source, and contain a quantity 6 which is an arbitrary constant (with the
dimension of time) parametrizing a certain freedom in the construction of the radiative coordinate system (T, X).
More precisely, the link between the (Bondi-type) radiative coordinates I"= (cT,4') and the (harmonic) canonical
coordinates x,"„=(ct, „,x', „) reads

TR = tean
~can ln '" +Os +O 1 r, „ (2.8)

Except for the computation of U;~ which requires the knowledge of the mass quadrupole source moment I,~ with
2PN accuracy, the computation of the other multipole contributions to the waveform can be obtained from 1PN-
accurate expressions of the mass-type and current-type source moments which have been obtained for all values of E
in Refs. [7,8], respectively, as explicit integrals extending only on the compact support of the material source. (Note
that there are no 1/cs contributions in the source moments. ) Let us illustrate the structure of the 1PN results by
quoting the simpler 1PN mass-type source moments:

xLx2 02o (t, x) 4(2E+ l)x;I, Bo;(t,x).
2(2E+ 3)c2 Bt2 (/+ l)(2E+ 3)c2 Bt (2.9)

51 GRAVITATIONAL WAVES FROM INSPIRALLING COMPACT. . .

The (compact support) matter densities appearing in Eq. (2.9), and their generalizations discussed below, are defined
from the contravariant components (in the harmonic, "source" coordinate system x") of the material stress-energy
tensor T" as

o.(t, x) = T"(t,x)+ T-(t, x)
Tp'(t, x)a, (t, x)—:

C

o,, (t, x) —= T"(t, x) .

(2.iOa)

(2.iob)

(2.10c)
The powers of c introduced in Eqs. (2.10) are such that the o s have a finite nonzero limit as lic -+ 0. One associates
to the matter densities (2.10) some Newtonian-like potentials, say

U(x, t) = G d K
, cr(x', t),

X(x, t) = G d'x'ix —x'ia. (x', t),

U;(x, t) = G , a;(x', t),

P,, (x, t) = G
d'x' 1

rr, ~ + ~
B,UB, U — 8;,B—bUB. bU

~

(x', t) .x —x' ' 47rG (* ' 2'

(2.1la)

(2.lib)

(2.1lc)

(2.1ld)

[Note the equation satisfied by the 4" potential: AZC = 2U.] The 2PN-accurate source moment Il, (t) has been
obtained in Ref. [10] and expressed in terms of the matter densities a, o;, o,~, the potentials U, U;, PU. and the traceP—:P„. The result [see Eq. (4.21) of Ref. [10]] is

Il, (t) = FPgy p d x~x~ XI, cr + —(cr;;U —OP) + B aB - 4 lxl &I 2
c4 *' 2c' 2E+ 3

B,
~

1+
~

cr, + —
~
BbU[B;Ub —BbU, ]+ Bt,UB,U—

~

4(2E+ 1)x I, f 4UI 1 f 3
c2 a+1 2g+3 ( c2) * ~Gc2 ( ' ' 4 ' )

2(2Z+ i) ~x~'x;&
8c4(2E + 3)(2E + 5) c (& + 1)(2&+ 3)(2&+ 5)

z~ —P~, B;,U —2V~B,BU+ 2B~U, B,, U~ ——[B&U) —U&g & ) + O(~ ) .
vr Gc4 (2.12)

This expression obviously reduces to Eq. (2.9) at the lpN level. It was also shown in Eq. (4.13) of Ref. [10] that the
current moment JL„which needs only 1PN accuracy, can be written as

1+—U
I
ob+ Ba

4
c2 ) 2c2 2t'+ 3

'B, ab, + BbUB,U + O(s ) .c2 8+ 2 28+ 3 ' 4vrG

JL(t) = FPB=p ~ab(if
3+ G, ~l.—i) BbU(BbUb —Br Ub) + BtUBbU—

vr Gc2 4
(2.i3)

This form is equivalent to the result previously derived in Ref. [8] [Eq. (5.18) there]. See below for comments on the
syiiibol FP~—p iii front of Eqs. (2.12) and (2.13).
In this paper, it will be convenient to split the potential P;z of Eq. (2.lid) into a compact-source potential U,~ and

a nonlinear potential W,~ according to

1
P;~ = U,~ —W;~ + —b,~W„,2

(2.i4a)

where U,z and TV,~ are defined by

U;~(x, t) = G , cr;, (x', t),/x —x'f
1 d 3C

W;,. (x, t) = ——,[B,UB~U](x', t) .4~

(2.14b)

(2.14c)
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(We have &W;. = Q;UQ U.) The compact-source potential U;z should not be confused with the previously defined
radiative quadrupole moment U;z. Also note that the notation W;~ is the same as used in Ref. [10] to denote a different
potential (which is a retarded version of the potential P;~ )b.ut which will not be used in this paper. Let us note for
future reference that the trace of TV,~ as defined here satisfies

gJ U2
2

C {x,t) =G, [oU](x', t) .ix —x'i

(2.15a)

(2.15b)

The potentials introduced above are connected by the approximate differential identities

BiU+ 8;U; = O(s ),
BiU, + 0~U;, =0,.

~
W,~ ——8;~W„~ + O(s ) .2 )

(2.16a)

(2.16b)

We replace in Eq. (2.12) the potential P~ by Eqs. (2.14) above, and BiU by the spatial derivative —B,U, . It is also
convenient to perform an integration by parts, using Oi, UBA, U, —:2 [A(UU;) —UAU, —U,AU], which is justified by a
reasoning similar to the ones followed in Sec. IV of Ref. [10]. This leads to the form we shall use as the starting point
in this work:

IL, (t) = FPii o d x~x~ ~l, o — oU, .—+ . Uo..—+ O, o.

4(2/+ 1)*-;, ( 2U l 2U; 1 ( 3
Bi

~
1+ o, — cT+c (8+1)(28+3) ( c2) ' c2 vrGc2 ( ' * ' 4 ' ' )

~x~ xl, 4 2(2Z+ 1)~x~ x I, s 2(2/+ 1)x~1,
8c4(28+3){28+5) ' c4(8+1)(28+3)(2/+5) ' * c4(8+1)(8+2)(2S+5) ' *' 4~G '

+ 2UB,,U,. —U,,B,,U ——(BU)'+ 28UBU; ——B,*jU') + W,,B,U, (2.17)

For simplicity, we henceforth drop most of the post-
Newtonian error terms as they are usually evident from
the context.
The symbol FP~ o in Eq. (2.17) stands for "finite

part at B = 0" and denotes a mathematically well-
defined operation of analytic continuation. Let us re-
call its precise meaning (see [20,21] for details and proofs
of the applicability of such a definition): one considers
separately two functions of one complex variable B de-
fined by the integrals Ii(B) = f& d x~x~ f(x), I2(B) =
f& d x~x~ f(x), where Vi is, say, the ball 0 & ~x~ & ro
and V2 the complementary domain: ~x~ ) ro. If the
function f(x) is, say, continuous in &s and has, at most,
a polynomial growth O(~x~") when ~x~ —+ oo, the inte-
gral defining Ii(B) is convergent if the real part of B is
large enough, say Re(B) ) —3, while the integral defin-
ing I2(B) is convergent if Re(B) ( —p —3. If moreover
the function f (x) admits an asymptotic expansion ("mul-
tipolar expansion") of the form f(x) Zi, &„fi, I, ~x~ "n
as ~x~ —+ oo (we do not include logarithms of ~x~ to sim-
plify), the function I2(B) can be analytically continued
as a meromorphic function in the complex B plane up to
arbitrarily large values of Re(B) (with possible poles on
the real axis). Finally, one considers the sum of Ii (B) and
of the analytic continuation of I2(B) for values of B near
0: the constant term (zeroth power of B) in the Laurent
expansion of Ii (B)+analytic continuation[I2 (B)]aroundB = 0 defines FPii o f dsx~x~ f(x). It is easily shown

I

that this definition is independent of the choice of the
intermediate radius ro used to split K in two regions.
Note that, in principle, one should introduce a length
scale to n-dimensionalize ~x~ before taking its Bth power
in (2.17). This is superfiuous in our case because the au-
thor of [10] has shown that there arise no poles at B = 0
and therefore no associated logarithms.
Although the result (2.17) is mathematically well de-

fined (contrary to the results of Refs. [22,23] which are
expressed in terms of undefined, divergent integrals), it
is a nontrivial task to compute it explicitly in terms of
the source variables only. This will be done in the next
section, in the case where the source is a binary system
of nonrotating compact objects (neutron stars or black
holes). To this end, we shall heuristically represent the
stress-energy tensor of the material source as a sum of
Dirac b functions. More generally, the stress-energy ten-
sor of a system of % (nonrotating) compact bodies is
formally given by

dy~ dy~ 1 dtT" (x, t) = ) m~ ~ ~ —b(x —y~(t)),dt dt g—g dk
(2.18)

where m~ denotes the (constant) Schwarzschild mass of
the 4th compact body. This yields, for the source vari-
ables (2.10),

[BDI]



Coherent inputs

Need for inspiral-merger-ringdown BBH waveforms

Inspiral-based templates are frequently used in searches involving

low mass binary systems (M < 12M�), contributions from merger

and ringdown phase becomes important for searching binary systems

involving more massive black holes.

High-mass BBH searches including those involving intermediate

mass BHs (50M� < M < 500M�) have been planned in the data

collected during the planned science runs of advanced detectors

which require accurate IMR modelling of BBHs.

Coherent IMR search: improving

the mass-reach and the detection

rates for various detectors.
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The EOB trick
6.2 Analytical approximation methods 31
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Figure 6.4 Gravitational waveform (upper panel), GW and twice orbital-
angular frequencies (lower panel) from inspiral, plunge, merger and ring-
down stages of a non-spinning, equal-mass binary BH as predicted in the
EOB approach [65, 66].

In Fig. 6.4 we show in the top panel the first, full EOB waveform for
a non-spinning, equal-mass binary BH obtained in [66] (see [270] for first,
full EOB spinning, precessing waveforms). In the lower panel we show the
EOB GW and twice orbital-angular frequencies, the former flattening at
late times at the least damped QNM of the newborn BH, the latter having
a peak around the EOB light ring. During the inspiral and plunge stages
the GW emission is driven by the motion of the e↵ective particle. As the
e↵ective particle passes through the EOB light ring, the direct GW emission
from the e↵ective particle is filtered by the potential barrier around the
newborn BH, and the GW radiation is driven by the perturbed spacetime
geometry through the emission of QNMs. Soon after the NR breakthrough,
[281] compared EOB to NR waveforms finding very reasonable agreement for
the late inspiral, plunge, merger and ringdown stages. In particular, the EOB
light ring was found to be located very close to the peak of the NR waveform
and close to the location of the common apparent horizon, supporting the
idea that GW radiation is quickly described by a superposition of QNMs as
the two BHs merge. In Sec. 6.3.4 we shall discuss more recent, sophisticated
comparisons and also calibrations of EOB waveforms. The EOB inspiraling
dynamics has been compared directly to the one produced in NR simulations
through the computation of the periastron advance and the binding energy.
The agreements are remarkable [267, 284, 285], even when no information
from NR is used to improve the EOB model.
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Numerical Relativity
2

light are equal to 1):

gδγgαβ,γδ + gγδ
,βgαδ,γ + gγδ

,αgβδ,γ + 2H(α,β)

−2HδΓ
δ
αβ + 2Γγ

δβΓδ
γα = −8π (2Tαβ − gαβT )

−κ (nαCβ + nβCα − gαβnγCγ) . (1)

Hµ are (arbitrary) source functions encoding the gauge-
freedom of the solution, Γδ

αβ are the Christoffel symbols,
Tαβ is the matter stress tensor with trace T , κ is a pos-
itive constant multiplying the new constraint damping
terms following[13], nµ = 1/α(∂/∂t)µ − βi/α(∂/∂xi)µ is
the unit hypersurface normal vector with lapse function
α and shift vector βi (x0 ≡ t, xi ≡ [x1, x2, x3] ≡ [x, y, z]),
and Cµ are the constraints:

Cµ ≡ Hµ − gµν!xν . (2)

We use the following to evolve the source functions:

!Ht = −ξ1
α − 1

αη
+ ξ2Ht,νnν , Hi = 0 (3)

where ξ1 and η are positive constants. Note that (3) is
not the usual definition of spatial harmonic gauge, which
is defined in terms of contravarient components Hµ.

We use scalar field gravitational collapse to prepare ini-
tial data that will evolve towards a binary black hole sys-
tem. Specifically, at t = 0 we have two Lorentz boosted
scalar field profiles, and choose initial amplitude, sepa-
ration and boost parameters to approximate the kind of
orbit that the black holes (which form as the scalar field
collapses) will have. The procedure used to calculate the
initial geometry is based on standard techniques[14], and
is a straight forward extension of the method described
in[9] to include non-time-symmetric initial data. The ini-
tial spatial metric and its first time derivative is confor-
mally flat, and we specify a slice that is maximal and
harmonic. The Hamiltonian constraint is used to solve
for the conformal factor. The maximal conditions K = 0
and ∂tK = 0 (K is the trace of the extrinsic curvature)
give the initial time derivative of the conformal factor
and an elliptic equation for the lapse respectively. The
momentum constraints are used to solve for the initial
values of the shift vectors, and the harmonic conditions
Hµ = 0 are used to specify the initial first time deriva-
tives of the lapse and shift.

III. Results: In this section we describe results from the
evolution of one example of a scalar field constructed bi-
nary system. The present code requires significant com-
putational resources to evolve binary spacetimes[18], and
thus to study the orbital, plunge, and ringdown phases
of a binary system in a reasonable amount of simulation
time we chose initial data parameters such that the black
holes would merge within roughly one orbit—see Fig. 1
and Table I. The following evolution parameters in (1)
and (3) were chosen: κ ≈ 1.25/M0, ξ1 ≈ 19/M0, ξ2 ≈
2.5/M0, η = 5 (these parameters did not need to be
fine tuned), where M0 is the mass of one black in the

FIG. 1: A depiction of the orbit for the simulation described
in the text (see also Table I). The figure shows the coordinate
position of the center of one apparent horizon relative to the
other, in the orbital plane z = 0. The units have been scaled
to the mass M0 of a single black hole, and curves are shown
from simulations with three different resolutions. Overlaid on
this figure are reference ellipses of eccentricity 0, 0.1 and 0.2,
suggesting that if one were to attribute an initial eccentricity
to the orbit it could be in the range 0 − 0.2.

binary. This system was evolved using three different
grid hierarchies, which we label as “low”, “medium” and
“high” resolution. The low resolution simulation has a
base grid of 323, with up to 7 additional levels of 2 : 1
refinement (giving a resolution in the vicinity of the black
holes of ≈ M0/10). For computational efficiency we only
allowed regridding of level 6 and higher (at the expense
of not being able to accurately track out-going waves).
For the medium resolution simulation, we have one ad-
ditional level of refinement during the inspiral and early
phases of the merger, though have the same resolution
over the coarser levels and at late times; thus we are
able to resolve the initial orbital dynamics more accu-
rately with the medium compared to low resolution run,
though both have roughly the same accuracy in the wave
zone. The high resolution simulation has up to 10 lev-
els of refinement during the inspiral and early ringdown
phase, 9 levels subsequently, and the grid structure of the
lower levels is altered so that there is effectively twice the
resolution in the wave zone. The reason for this set of hi-
erarchies is again for computational efficiency: doubling
(quadrupling) the resolution throughout the low resolu-
tion hierarchy would have required 16 (256) times the
computer time, which in particular for the higher resolu-
tion simulation is impractical to do at this stage.

Fig. 2 shows the horizon masses and final horizon an-
gular momentum as a function of time. The ADM mass
of the space time suggests that approximately 15% of the
total scalar field energy does not collapse into black holes.
The remnant scalar field leaves the vicinity of the orbit
quite rapidly (in t ≈ 30M0, which is on the order of the
light crossing time of the orbit). Black hole masses are

4

FIG. 3: A sample of the gravitational waves emitted during
the merger, as estimated by the Newman-Penrose scalar Ψ4

(from the medium resolution simulation). Here, the real com-
ponent of Ψ4 multiplied by the coordinate distance r from the
center of the grid is shown at a fixed angular location, though
several distances r. The waveform has also been shifted in
time by amounts shown in the plot, so that the oscillations
overlap. If the waves are measured far enough from the cen-
tral black hole then the amplitudes should match, and they
should be shifted by the light travel time between the loca-
tions (i.e. by 25M0 in this example). That we need to shift the
waveforms by more than this suggests the extraction points
are still too close to the black hole; the decrease in amplitude
is primarily due to numerical error as the wave moves into
regions of the grid with relatively low resolution.

binary system, and so possibly in a region where (6) is
not strictly valid. However, the larger integration radii
are in regions of the grid that do not have very good
resolution (due both to the mesh refinement structure
and the spatially compactified coordinate domain), and
so numerical error (mostly dissipation) tends to reduce

the amplitude of the waves with distance from the source.
With all these caveats in mind, the numbers we obtain
from (6) are 4.7%, 3.2%, 2.7%, 2.3% at integration radii
of 25M0, 50M0, 75M0 and 100M0 respectively (from the
high resolution simulation[20]), and where the percent-
age is relative to 2M0. Another estimate of the radiated
energy can be obtained by taking the difference between
the final and initial horizon masses (Table I)—this sug-
gests around 5% (high resolution case).

V. Conclusion: In this letter we have described a nu-
merical method based on generalized harmonic coordi-
nates that can stably evolve (at least a class of) bi-
nary black hole spacetimes. As an example, we pre-
sented an evolution of a binary system composed of non-
spinning black holes of equal mass M0, with an initial
proper separation and orbital angular velocity of approx-
imately 16.6M0 and 0.023/M0 respectively. The binary
merged within approximately 1 orbit, leaving behind a
blackhole of mass Mf ≈ 1.9M0 and angular momentum
J ≈ 0.70M2

f . A calculation of the energy emitted in
gravitational waves indicates that roughly 5% of the ini-
tial mass (defined as 2M0) is radiated . Future work
includes improving the accuracy of simulation (in par-
ticular the gravitational waves), exploring a larger class
of initial conditions (binaries that are further separated,
have different initial masses, non-zero spins, etc.), and
attempting to extract more geometric information about
the nature of the merger event from the simulations.
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[Buonanno, arXiv:0709.4682 (2007)]

Gravitational waves 29

-200 -100 0 100
t/M

-0.2

-0.1

0

0.1

0.2

0.3

h(
t)

inspiral-plunge
merger-ring-down

-200 -100 0 100
t/M

-0.2

-0.1

0

0.1

0.2

0.3

h(
t)

numerical relativity

Fig. 5. On the left panel we show the GW signal from an equal-mass nonspinning BH binary as
predicted at 2.5PN order by Buonanno and Damour (2000) in Ref. [16]. The merger is assumed
almost instantaneous and one QNM is included. On the right panel we show the GW signal from
an equal-mass BH binary with a small spin χ1 = χ2 = 0.06 obtained in full general relativity by
Pretorius [58]

spiral, merger and RD. In Fig. 6, we show some first-order comparisons between
the EOB-analytic and NR waveforms [58] (see also Ref. [59]). Similar results for
the inspiral phase but using PN theory [13, 15] (without resummation) at 3.5PN
order are given in Refs. [58, 59]. So far, the agreement is qualitatively good,
but more accurate simulations, starting with the BHs farther apart, are needed to
draw robust conclusions.

Those comparisons are suggesting that it should be possible to design purely
analytic templates with the full numerics used to guide the patching together of
the inspiral and RD waveforms. This is an important avenue to template construc-
tion as eventually hundreds of thousands of waveform templates may be needed
to extract the signal from the noise, an impossible demand for NR alone.

6.4. Inspiral templates for data analysis

The search for GWs from coalescing binaries with laser interferometer GW de-
tectors is based on the matched-filtering technique, which requires accurate knowl-
edge of the waveform (or template) of the incoming signal. As an example, in
this section we derive the inspiral GW template in Fourier domain using the sta-
tionary phase approximation (SPA). Those templates are currently used to search
for inspiraling binary with LIGO/VIRGO/GEO/TAMA detectors. Henceforth,
we use G = 1 = c.
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FIG. 6: For the equal-mass case, we compare the numerical-
relativity and calibrated EOB (2, 2) mode. The top panels
show the real part of numerical and EOB h22, the bottom
panels show amplitude and phase differences between them.
The horizontal axis is the retarded time in the numerical-
relativity simulation. The left panels show retarded times
t − r∗ = 0 to 3850M , and the right panels show retarded
times t − r∗ = 3850M to t − r∗ = 4070M on a different
vertical scale. The dotted curves are the numerical-relativity
errors.

∆t33match = 12M , ∆t44match = 9M , (37b)

∆t21match = 8M , ∆t55match = 8M . (37c)

Calibrating the amplitude and phase of the EOB wave-
form for the higher-order modes we find

ρ(6)21 = −5 , ρ(6)33 = −20 , (38a)

ρ(6)44 = −15 , ρ(6)55 = 4 , (38b)

and

δ(7)21 = 30 , δ(7)33 = −10 , (39a)

δ(5)44 = −70 , δ(5)55 = 40 . (39b)

As explained in Sec. II B, since the iterative procedure
that determines the NQC coefficients ah22

i usually takes
4 to 5 steps to converge, we give fitting formulas of ah22

i
as quadratic functions of the mass ratio to save compu-
tational cost

ah22

1 (ν) = −4.559 + 18.76 ν − 24.23 ν2 , (40a)

ah22

2 (ν) = 37.68− 201.5 ν + 324.6 ν2 , (40b)

ah22

3 (ν) = −39.6 + 228.9 ν − 387.2 ν2 . (40c)

Finally, as discussed in Sec. II C, to improve the agree-
ment of the (4, 4) and (5, 5) modes around merger, we
introduce pseudo QNMs having

M ωpQNM
44 = 0.72 , M/τpQNM

44 = 0.28 , (41a)

M ωpQNM
55 = 0.9 , M/τpQNM

55 = 0.28 , (41b)

for all mass ratios considered in this paper. The fre-
quency of these pseudo QNMs are about the frequency
of the inspiral-plunge waveforms at the matching time
tℓmmatch and the decay time of these modes are about the
same as that of the first overtone of the physical QNMs.

D. Comparing numerical and EOB (2, 2) mode

In Figs. 6, 7 we compare the numerical-relativity and
EOB (2, 2) modes for mass ratios q = 1, 2, 3, 4 and 6.
We find that throughout the evolution the phase differ-
ence is below ∼ 0.1 rad. During the inspiral, the relative
amplitude difference is within 2%, while during merger
and ringdown it increases to within 12%. The numerical
errors are also showed in the figures with dotted lines.
We observe that during the inspiral the phase and am-
plitude differences can be a factor of a few larger than
the numerical-relativity error, but during the merger and
ringdown they can be comparable or even smaller. As we
shall see in Sec. IV, the mismatch between the numerical
and EOB modes are consistently very small for detection
purposes for Advanced LIGO, and the EOB modes are
reasonably accurate for parameter-estimation purposes.

E. Comparing numerical and EOB (l,m) ̸= (2, 2)
modes

In Figs. 8, 9 and 10, we compare the numerical and
EOB subdominant modes h33, h21 and h44 for the cases
q = 1, 3, 6. [For mass ratios q = 2, 4 the plots look similar,
so we do not show them.] During the inspiral, the numer-
ical and EOB subdominant modes agree very well, simi-
larly to the agreement we found for the h22. This happens
because the numerical frequencies ωℓm are well modeled
by a simple multiple of the orbital frequency mΩ. Dur-
ing merger and ringdown, the agreement is very good for
the h33 and h21 modes, i.e., comparable to the agreement
of the h22 mode. Analogous performances hold for the
other cases q = 2 and q = 4. The numerical and EOB h44

mode, however, show larger differences during ringdown.
For instance, the phase difference increases to ∼ 0.6 rad.
There are two reasons for this less satisfactory result: (i)
the larger errors in the numerical mode (4, 4) and (ii)
the EOB QNM matching procedure that generates the
ringdown part. Issue (i) spoils the numerical predictions
of the fitting formulas for the (4, 4) mode (see Table III)
which are essential to model the merger. Issue (ii) pre-
vents modeling the ringdown phase of the h44 with high
accuracy (see Fig. 3 and discussions therein). Neverthe-
less, since as seen in Figs. 1, the h44 amplitude is a few
percent of the h22 amplitude, the absolute error in h44 is
generally smaller than the error with which we currently
model the h22 EOB mode. Therefore, the large difference
between the numerical and EOB h44 is not the dominant
source of systematic error in the gravitational polariza-
tions. Since the h55 mode comparison is very similar to
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[Ajith et al., CQG 24:S689-S700 (2007)]
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Figure 1. NR waveform (black) from an equal-mass simulation, along with the ‘best-
matched’ 3.5PN waveform (red). The Hybrid waveform constructed from the above is
also shown (dashed line).

3. Matching post-Newtonian and numerical relativity waveforms

Once the PN and NR waveforms are generated, we produce a set of hybrid waveforms by
matching them in an overlapping time interval t1 ≤ t < t2. The obvious assumption in
this procedure is that such an overlapping region exists and that in it both approaches
yield the correct waveforms.

Each time-domain waveform h(t, µ) is parametrized by a vector µ = {M, η,φ0, t0},
where M ≡ m1 + m2 is the total-mass of the binary, η ≡ m1m2/(m1 + m2)2 is the
symmetric mass-ratio, φ0 is the initial phase and t0 is the start time of the waveform. We
match the PN waveforms hPN

+,×(t, µ) and the NR waveforms hNR
+,×(t, ν) ‡ by minimizing

the square difference between the respective polarizations. i.e.,

δ ≡ minµ,a

⎡

⎣

∑

i=+,×

∫ t2

t1

[

h
PN

i (t, µ) − a h
NR

i (t, ν)
]2

dt

⎤

⎦ . (8)

The minimization is carried over the parameters µ of the PN waveform and an amplitude
scaling factor a §. The hybrid waveforms are produced by combining the ‘best-matched’
PN waveforms and the NR waveforms in the following way:

hhyb
+,×(t, ν) ≡

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

h
PN

+,×(t, µ0) if t < t1

a0 τ h
NR

+,×(t, ν) + (1 − τ)h
PN

+,×(t, µ0) if t1 ≤ t < t2

a0 h
NR

+,×(t, ν) if t2 ≤ t

(9)

where µ0 and a0 denote the values of µ and a for which δ is minimum, and τ =
(t − t1)/(t2 − t1) is a linearly-increasing weighting function, such that 0 ≤ τ < 1.

An example set of hybrid waveforms is shown in Fig. 1. The numerical waveform
(black line) from an equal-mass (η = 0.25) simulation by the AEI-CCT group is matched
with a 3.5PN inspiral waveform (red line) over the matching region 100M ≤ t < 850M .
The hybrid waveform (dashed line) is constructed by combining the above as per Eq.(9).

‡ The parameters ν are taken from the same set as µ, but with different values.
§ The amplitude scaling factor was introduced in order to accommodate possible errors in the amplitude
of the NR waveforms due to, for example, the finite radius of the extraction sphere. The best-matched
value of a, however, was found to be 1 ± 0.08.
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Public Numerical Relativity Simulations
SXS catalog — over 2000 simulations, q=1-10; including 20 
eccentric, non-spinning (q=1-3) simulations […, Boyel+, 
arXiv:1904.04831]; used in analysing LVK events  
Georgia Tech (now MAYA catalog) —  over 600 simulations 
including 92 eccentric, spinning simulations including 7 with 
both eccentricity and spin-precession […, Ferguson+, 
arXiv:2309.00262]; used in analysing LVK events  

RIT catalog  — over 1800 simulations; including close to 800 
eccentric simulations albeit too short (2-4 cycles); used in 
analysing GW190521 (first IMBH event) […, Healy+, 
arXiv:2202.00018] 
BAM catalog — 80 single-spin, (quasi-circular) precessing configurations 
at 4 different mass ratios […, Healy+, arXiv:2303.05419]    
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Motivation

To capture the true dynamics of eccentric spinning systems, we need waveform models that have
effects due to spin and eccentricity included in it. Here, we present ESIGMAHM [1], an inspiral-merger-
ringdown (IMR) eccentric aligned-spin waveform model with higher gravitational wave (GW) har-
monics.

Figure 1. A typical GW strain can be divided into three
distinct phases: inspiral, merger, and ringdown. [Ref.
GW150914 discovery paper]

Figure 2. Different physical effects depicted in GW strain.
Here, SEOBNRv4HM and EccentricTD waveforms are used.

Waveformmodel construction

Inspiral evolution

1. Conservative dynamics:

M „̇ = x3/2

 i=9/2X

i=0

cix
i
+ O

⇣
x5
⌘�

,

Ml̇ = x3/2


1 +

i=3X

i=1

dix
i
+ O

⇣
x4
⌘�

.

2. Radiative dynamics:

Mẋ = x5


1 +

9/2X

i=1

yix
i
+ O

⇣
x5
⌘�

,

Mė = x4

 i=3X

i=0

zix
i
+ O

⇣
x4
⌘�

.

3. GW strain:

h+ ≠ ih◊ =

ŒX

¸=2

X̧

m=≠¸

h¸mY ¸m
≠2 (�, �).

Quantities Effects PN Order

ẋ, ė, l̇, „̇

Eccentric nonspinning 3
Eccentric spinning 3

Quasicircular nonspinning 4.5
Quasicircular spinning 4

h¸m

Generic nonspinning instantaneous 3.5
Generic spinning instantaneous 3.5
Quasicircular nonspinning 3.5
Quasicircular spinning 3.5

Table 1. Table summarizing all the terms added to the
Inspiral part of the ESIGMAHM up to available PN orders in
the literature [2, 3].

Merger-Ringdown
ESIGMAHM assumes post-inspiral circularization.
We, therefore, transition from the eccentric inspiral to a quasi-circular spinning model NRSur7dq4
for merger and ringdown (Fig. 3).

Results

Validation of model in the quasi-circular limit To demonstrate how well ESIGMAHM performs in qua-
sicircular case, we compare the inspiral-only version of ESIGMAHM (we call it InspiralESIGMA) with
existing aligned-spin EOB and PHENOMwaveform models, SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS.
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Figure 3. Time evolution of orbital angular velocity for
systems with nonzero and zero eccentricities. The dashed
black horizontal line denotes the corresponding ISCO
frequency beyond which both eccentric and quasicircular
evolutions are the same. We used
SXS:BBH:0321, SXS:BBH:0322, SXS:BBH:0323 and
SXS:BBH:0315 as eccentric and quasicircular systems.

Figure 4. Match between inspiral part of ESIGMAHM with
SEOBNRv4, SEOBNRv5_ROM, and IMRPhenomXAS for total mass
20M§ and dimensionless spins fixed at (0.5, 0.5).

Figure 5. Comparison of InspiralESIGMA and SEOBNRv4 for different mass-ratio and spins (indicated in the title) having
fixed total mass 50 M§.

Results

Importance of higher order modes To estimate the importance of higher order modes (HM), we com-
pute the optimal SNR change (�SNR) between InspiralESIGMA with all the modes up to ¸ = 8 and
InspiralESIGMA with only (2, 2) mode.

Figure 6. Change in optimal SNR for aLIGO (left), ET (middle), and CE (right) for InspiralESIGMA with and without HMs
for binaries with total mass 60 M§ and dimensionless spins (0.6,0.6) with flow = 10Hz.

Validation of model with eccentric numerical relativity simulations To quantify how accurately
ESIGMAHM reproduces the true dynamics of a spinning eccentric system, we compare IMRESIGMAHM
with 10 aligned-spin eccentric simulations from SXS catalog.

Figure 7. Comparison of plus polarization (h+) of IMRESIGMAHM with NR simulations from SXS catalog for a system of total
mass 40 M§.

Figure 8. Mismatch between IMRESIGMAHM and spinning eccentric NR simulations for (2, 2) mode only (left) and all the
modes including (2, 1), (3, 3), (3, 2), (4, 4), (4, 3) in addition to (2, 2) mode (right).

Sl. no. SXS ID q e0 ‰1 ‰2 length Number of orbits Match
1 SXS:BBH:0083 1.000 2.534 ◊ 10

≠2 0.4995 1.130 ◊ 10
≠7 11545.015M 32.399 99.24

2 SXS:BBH:0089 1.000 6.006 ◊ 10
≠2 -0.4995 1.377 ◊ 10

≠7 11748.322M 31.061 96.98
3 SXS:BBH:0246 2.000 6.600 ◊ 10

≠2
1.893 ◊ 10

≠7 0.2999 6220.169M 22.934 96.92
4 SXS:BBH:0309 1.221 2.932 ◊ 10

≠2 0.3302 -0.4398 3416.222M 15.745 98.49
5 SXS:BBH:0320 1.220 2.276 ◊ 10

≠2 0.3300 -0.4399 2601.552M 13.493 99.21
6 SXS:BBH:0321 1.220 6.112 ◊ 10

≠2 0.3299 -0.4399 3461.944M 14.978 98.92
7 SXS:BBH:0322 1.220 0.1071 0.3301 -0.4399 3145.031M 14.974 99.27
8 SXS:BBH:0323 1.220 0.1936 0.3300 -0.4400 3370.858M 14.628 98.83
9 SXS:BBH:1136 1.000 0.1243 -0.7498 -0.7498 2141.654M 9.505 98.39
10 SXS:BBH:1149 3.000 4.619 ◊ 10

≠2 0.7002 0.5999 4630.187M 24.097 97.59

Table 2. Details of the SXS IDs used for match computation with IMRESIGMAHM. The match computations are performed
by fixing the total mass (M) to 40M§ and flow at 10Hz for all cases.

Conclusions

We present a full IMR eccentric aligned-spin time domain waveform model with higher modes
named ESIGMAHM.
The inspiral segment of ESIGMAHM (named InspiralESIGMA) is updated with the spinning
eccentric corrections that are available in the literature to date.
We used NRSur7dq4 - a quasi-circular spinning model as our stand-alone merger-ringdown
(MR) model.
We compare IMRESIGMAHM with publicly available aligned-spin eccentric NR simulations from
SXS catalog and found good agreement up to mass ratio 3 with positive aligned-spin systems.
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